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Motivation

 DEA seen as fundamentally different from
regression based methods (such as SFA)

» Despite better understanding of statistical
foundation of DEA, major conceptual and
operational barriers remain

* Vision for future: integrating competing
paradigms to a unified approach to
productive efficiency analysis
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Convex Nonparametric
Least Squares (CNLS)

* Regression method that

— builds upon the shape constraints
« monotonicity, convexity

— does not require prior assumptions about the
functional form or the smoothness of the
regression function
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Original illustration by Hildreth (1954)

120
i t

100

m

=3

.
O
PR

| ]

P
mE 7 T & 1
Ll

Bua. of Corn
T
|

Q 20 Lo & do 100 1% 1L0o 1560 160 200

Lba, of Hitrogen

Fra. 1. Observations and Estimates,

— Obhserved yield (i)
¥ Mean vield (%)
O Maximum likelihood estimate of expected vield (7.)



Bu. of Corn

Modified illustration
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CNLS model

Regression model: y, =f(x;)+¢&,i=1...,n

Assumptions:

* Function fbelongs to the family of monotonic
increasing and globally concave functions F..

* Errors € are uncorrelated random variables with
— E(g)=0 (exogeneity)
— E(e€’)= 0l (homoskedasticity, no autocorrelation)



CNLS problem

n
: 2
S.t.
Y= f(x,)+g.

|



CNLS problem a single x case
(Hanson & Pledger 1976)

Sort data in ascending order according to x (i.e.,
X; < Xo<...<X,; assume away ties)

minZn:é‘,.2

fef, 4=
S.t.

y. =y, +& Vi=1..,n
Vi2yiy Vi=2..,n

YimVin Yin™Vio yi_g p
X — X4 Xy =X




CNLS problem with multiple x
(Kuosmanen 2008)

minznlg,.2

*B 5

S..

y. =a +B X, +& (regression equation)

B. =0 Vi=1,..,n (monotonicity)

a +Px <a +B, X Vh,i=1,..,n (concavity)



Representation Theorem

Infinite dimensional Quadratic programming
problem problem
n n
min ) & — min»" &7
fef, 4= _ *B 5
st. st.
y =f(x)+e y.=a +BXx +¢& (regression equation)

B. >0 Vi=1,...,n (monotonicity)
a +Bx <a, +B X, Vh,i=1,...,n (concavity)

Kuosmanen, T. (2008): Representation Theorem for Convex Nonparametric Least
Squares, Econometrics Journal 11, 308-325.



Simulation example

True production function y = In(x) + 2
Inputs x randomly drawn from Uni[1,11].
Error term randomly drawn from N(0,0.62)
Sample size 100.



Data and true f
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CNLS and true f

7 _
X y y
6 _
5 _
4
3 _
x .
: " ’ X Observations
| X
x " —true f
—— CNLS curwe
1 -
X
X
0 I I I I I I T ‘ ‘ | |

10 11



CNLS regression
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CNLS regression
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Classification

Parametric Non-parametric
Central Tendency OLS CNLS
Gauss, Legendre,... Hildreth (1954)
Hanson & Pledger (1976)
Deterministic frontier; PP
Sign- Constraints Aigner and Chu (1968) \Hi_ DEA
Farrell (1957)
Charnes et al. (1978)
Deterministic frontier;: COLS
2-Stage Estimation Richmond (1974) )
Greene (1980) CNLS
Kuosmanen & Johnson
(2008)
Stochastic frontier; SFA
composite error term Aigner et al. (1977) StoNED
Meeusen & Vanden Kuosmanen (2006)
Broeck (1977) Kuosmanen and
Kortelainen (2007)




Sign-constrained CNLS

» Parametric Programming model
(Aigner&Chu 1968) differs from OLS In
that an additional sign constraint € <0 is
imposed

* Suppose we impose the same sign
constraint in nonparanetric CNLS

=> sign-constrained CNLS



Sign-constrained CNLS



Sign-constrained CNLS

minZn:g,2

“B 5

St.

y, =a +B X +¢& (regression equation)

B. =0 Vi=1,..,n (monotonicity)

a +Bx <a +B;x; Vh,i=1,..,n (concavity)

g <0 Vi=1,..,n (sign constraint)



"Sign-constrained CNLS” = DEA

Theorem 3.1: For all real valued data,

the sign-constrained CNLS problem is
equivalent to the output-oriented DEA
VRS problem.

Both measure efficiency relative to the
same DEA frontier.

fP5(x) max{

y<Z/1yh x>Z/1x Z/l —1}




Classification

Parametric Non-parametric
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Corrected Convex Nonparametric
Least Squares (C4NLS)

* Nonparametric analogue to COLS
— Just replace OLS by CNLS

« Two-step approach:

Step 1: Apply CNLS to estimate the central
tendency (average production function)

Step 2: Shift the estimated CNLS curve upwards
until all observations are enveloped



Corrected Convex Nonparametric
Least Squares (C4NLS)

Theorem 4.1: For any sequence of
Independent observations X,y generated
by production function f and 1.i.d
Inefficiency terms € that are uncorrelated
with X and have a positive density at €=0,
the C°NLS estimator is statistically
consistent.



Corrected Convex Nonparametric
Least Squares (C4NLS)

Theorem 4.2: For any real valued data set,
the discriminatory power of C°NLS is
always greater than or equal to that of
DEA in the sense that

gOMS < gPA <0 /i=1,...n

l



Corrected Convex Nonparametric
Least Squares (C°NLS
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Pros and cons of C2NLS

C2NLS estimates the shape of the frontier
making use of all observed data points

— more efficient than DEA

C2NLS has a higher discriminatory power
than DEA

C2NLS efficiency estimates are more
sensitive to outliers and noise than DEA

Relative efficiency rankings of C°NLS are
more robust than those of DEA
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StoNED model

« Estimated equation

y; =f(X;)—u; +v,




Estimation of StoNED model

In principle, StoNED model can be estimated by

 Maximum likelihood (ML)
— Banker & Maindiratta 1992, JPA

« Modified CNLS

1) Estimate central tendency by CNLS

2) Estimate E(u) based on CNLS residuals and shift the frontier
upward

* In both methods, the firm-specific efficiency
scores must be obtained by using the conditional
expectation E(u;/ ;) (Jondrow et al. 1982)



ML estimator

« Banker & Maindiratta (1992): JPA 3, 401-415.

n n
max —In(2/z)—nino+ ) In® — —
ity 2 &) Z o 2622(% Y

s.t.

B, 20Vi=1..n, (monotonicity)
yl =0Vi=1,..n o0,4=0.



Least squares estimation of
StoNED model

In two steps

Step 1: Estimate the conditional expectation
E(y;/x) by CNLS

Step 2. Given the CNLS residuals, estimate the
variance parameters of the inefficiency and error
distribution by either

- method of moments
- maximum pseudolikelihood



Method of moments

Estimate the variance parameters 0,2 0,2 based on
the 2"d and 3@ moments of the residual
distribution.

Zn:(e, —Zn:(e, / n)j3

i=1 i=1

AL




Maximum pseudolikelihood
Based on Fan et al. (1996, JBES).

Estimate parameters 0,2 0,2 by maximizing the
concentrated likelihood function IN(A):

max InL(4) = max —nIn0'+ZInCI{_g/I} LAZé,?
A 20—2 i=1

=1 O

=, ~(v226) /[ x(1+22)]"

r = -1 12
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“ /11— >
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Estimating inefficiency

Expected value of inefficiency
E(u)=ia=06,2Ix

Conditional expected value of DMU /’s
inefficiency term is obtained by the Jondrow et
al. formula

A

|

) _&3+gf+6j+;f 1— CID(é/“)




Estimating inefficiency

Note:

* Distributional assumptions regarding u and v do
not influence the relative ranking of units

— StoNED and C2NLS methods yield exactly the same
efficiency rankings

* Level of inefficiency depends on the
distributional assumptions

* In panel data setting, distributional assumptions
can be relaxed



Simulation example

* Production function y =In(x) + 2
* Inputs x randomly drawn from Unf1,11].

* Inefficiency randomly drawn from
[N(0,0.6°)]

« Error term randomly drawn from N(0,0.32)
« Sample size 100.



True frontier and data
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s True frontier and CNLS curve
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Estimated frontiers
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Monte Carlo simulations

StoNED MM
PSL
SFA CD
Trnslg
DEA CRS
VRS
semiparam.

kernel

scenario A
1 input
N=50
MSE BIAS
0,030 -0,105
0,022 -0,055
0,102 -0,023
0,101 -0,023
21,594 3,868
0,097 0,260
0,297 0,508

scenario B

1 input

N=100
MSE BIAS
0,010 -0,049
0,025 -0,132
0,189 -0,243
0,110 -0,307
23,490 3,980
0,151 0,364
0,075 -0,093

scenario C
2 inputs
N=100
MSE BIAS
0,081 -0,266
0,085 -0,272
0,361 -0,544
0,371 -0,547
2,571 1,313
1,065 0,802
0,103 0,272

scenario D
3 inputs
N=100
MSE BIAS
0,296 -0484
0417 -0,594
0,092 0,190
0,145 0,047
1,078 0,830
0,581 0,427
0,943 -0,850




Conclusions

« DEA can be recast and understood as a

nonparametric regression method

— Barriers between DEA and regression analysis are lower
than earlier assumed

 DEA can be seen as a nonparametric
generalization of PP (Aigner & Chu 1968)

» Parallel development of parametric and
nonparametric models, including stochastic
StoNED model



Parallel development

Central Tendency

Deterministic frontier;

Sign- Constraints
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2-stage Estimation
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Parametric Non-parametric
OLS CNLS
Gauss, Legendre,... Hildreth (1954)
Hanson & Pledger (1976)
PP DEA
Aigner and Chu (1968) Farrell (1957)
Charnes et al. (1978)
COLS C'NLS
Richmond (1974) Kuosmanen & Johnson
Greene (1980) (2008)
SFA StoNED
Aigner et al. (1977) Kuosmanen (2006)
Meeusen & Vanden Kuosmanen and
Broeck (1977) Kortelainen (2007)




Conclusions

* In contrast to the ML interpretation (Banker),
the least squares interpretation of DEA can
be utilized in many ways

« Examples

— More efficient C°NLS estimator in the
deterministic setting

— Probabillistic treatment of inefficiency and noise
In the stochastic setting (StoNED)

— Avoiding problems in two-step semiparametric
estimation of contextual variables z that influence
efficiency (cf. critique by Simar & Wilson)

» 1-stage DEA regression incl. both x and z
« C2NLS and StoNED models with z variables



Conclusions

« StoNED model melds together
- Nonparametric frontier of DEA (/(x))
- Stochastic composite error of SFA (¢, = v, — u)

» Least-squares interpretation of DEA
enables estimation of StoNED model in
practice

« Combining the virtues of SFA and DEA is
possible

- New opportunities as well as challenges



Immediate extensions

returns to scale
— VRS, CRS, NIRS, NDRS

cost functions, distance functions, etc.
statistical inference by bootstrapping

quantile estimators
— order-m C2NLS frontiers

panel data models
— fixed and random effects



Further work needed
Finite sample properties of CNLS

— unbiasedness, efficiency?
Nonradial noise in multi-output setting

Efficient computational strategies for solving
the CNLS problem

Quasiconcavity, non-convexities
Modelling endogeneity

— nonparametric GMM

Modelling heteroskedasticity and
autocorrelation

etc., etc..



Thank you for your attention!

See the StoNED homepage:
http://www.nomepre.net/stoned
for papers, computer codes, the latest news efc.

e Questions and comments are welcome:
— E-mail: Timo.Kuosmanen@ mtt.fi



Proof of Theorem 3.1

Consider the output-oriented DEA VRS
model with additive efficiency (Afriat 1972;
Banker 1993)

Mmax
A=0 ¢

yi+o< Zﬂ“hyh
h=1
X > Zn:ﬂbxh
h=1
S 4, =1
h=1



Proof of Theorem 3.1

Step 1: Derive equivalent dual (multiplier)
problem

y=a+px +¢
y, <a+px, Vh=1..n
B>0



Proof of Theorem 3.1

Step 2: Sum over all observations |

nllﬁn;—g,

St.

y=a+px +¢

y, <a+px, Yh=1,..,n
B>0



Proof of Theorem 3.1

Step 3: Add sign constraint €, <0

ng’lpn;—g,

st

yi=a+BX +¢

y, <a+px, te, Yh=1,..,n
B=0

g <0Vi=1...n

l



Proof of Theorem 3.1

Step 4: Insert y, into the concavity constraint

n
ng’lpn;—g,

S..

y,=a+px +&
a+Bx <o +B.x. Vhi=1,..,n
B>0

g <0Vi=1.., n

l



Proof of Theorem 3.1

Step 5: apply quadratic transformation to the
objective function

"
nllﬁn;ef

S.t.

y,=a+fx +¢

a +fx <a +B.x Vhi=1..n
B>0



