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ABSTRACT
This paper develops a new nonparametric model for efficiency estimation. In contrast
to Data Envelopment Analysis (DEA), it does not impose debatable production
assumptions like free disposability and convexity, and it does not assume that the data
are measured without error. The estimators are asymptotically unbiased and have an
asymptotic variance that is comparable to that of stochastic frontier estimators
(provided the latter use a correct specification of the functional form for the
production relationships). In addition, the estimators can be computed using a simple
enumeration algorithm.
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1. INTRODUCTION
Efficient frontier analysis, henceforth EFA, is a general methodology for analyzing
production relationships and productive efficiency. Since technology information
typically is incomplete, EFA constructs empirical production frontiers on the basis of
a data set of comparable decision-making units, henceforth DMUs, and measures the
efficiency of those DMUs relative to the frontier.

Two parallel lines in EFA have been developed, viz. the parametric Stochastic
Frontier Analysis, henceforth SFA, and the nonparametric Data Envelopment
Analysis (DEA) (see e.g. Fried et al. (1993) for an excellent introduction to both
approaches). SFA typically rests on explicit specifications of the functional form of
the frontier and the statistical distribution of the inefficiency terms. These
specifications can be problematic, since production theory does not imply specific
functional forms or statistical distributions, and because reliable empirical
specification tests are not available in many cases1. By contrast, DEA does not require
                                                          
1 However, flexible functional forms may help to remedy or reduce the specification errors (e.g.
Diewert and Wales (1987), and Pulley and Braunstein (1992)). For example, the well-known translog
estimation function can give a second-order approximation to an arbitrary twice-differentiable function.
In addition, if panel data are available, the specification of a particular inefficiency distribution can be
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the specification of an explicit functional form for the frontier or an explicit statistical
distribution for the inefficiency terms. But notwithstanding this nonparametric
orientation, DEA is not a panacea. Specifically, we discern two problems: restrictive
production assumptions and stochastic disturbances. Most DEA models assume that
the production possibilities have particular properties, most notably free disposability
and convexity. Unfortunately, it is in many cases difficult to find a valid justification
for these assumptions. For example, congestion can violate free disposability (see e.g.
Färe and Grosskopf, 1983), and economies of scale and specialization can violate
convexity  (see e.g. Farrell, 1959). Therefore, these assumptions exclude many
interesting economic phenomena at forehand, and can introduce serious specification
error into the estimation. Another well-recognized problem stems from the
assumption that the variables are specified correctly and measured accurately. This
assumption can be violated by stochastic disturbances, e.g. caused by measurement
error, omitted variables and outliers. By relying on debatable production assumptions
(free disposability and convexity) and by assuming away disturbances, DEA contrasts
with the tradition of nonparametric regression techniques (see e.g. Härdle, 1990, and
Yatchew, 1998), which rely on minimal maintained assumptions and which do
account for stochastic disturbances.

DEA models are available that address some, but (unfortunately) not all of the
aforementioned limitations. The free disposability assumption is eliminated in the
convex hull model by Charnes et al. (1985). To circumvent the convexity assumption,
a number of alternative models have been proposed in the DEA literature. These
include the Free Disposable Hull (FDH) model (Deprins et al. 1984), which drops
convexity altogether, and relaxed models by e.g. Petersen (1990) and Bogetoft (1996),
Post (1997a), and Bogetoft et al. (1998), which assume convexity in input and/or
output space only. In addition, there have been attempts to account for stochastic
disturbances in DEA, most notably by using stochastic programming techniques (e.g.
Land et al. (1994), Olesen and Petersen (1995), and Cooper et al. (1996, 1998)).
However, to the best of our knowledge, the statistical properties of the associated
efficiency estimates are not yet documented. In addition, it is not clear how to relax
the maintained production assumptions in those models. As a conclusion, there
currently is no DEA model that does not require disposability and convexity
assumptions and that can be demonstrated to effectively account for noise.

In this paper we intend to simultaneously address all the aforementioned limitations of
standard DEA. Specifically, we try to develop a model that does not impose free
disposability, convexity, or other kinds of restrictive assumptions, and that does allow
for stochastic disturbances. Such a model would make it possible for the data to truly
'speak for themselves' rather than being forced to use the idiom of some imposed
specification or some imposed set of assumptions. We focus primarily on the
estimation of efficiency. Other uses of EFA not considered here include estimation of
elasticities of scale and substitution, selecting target or benchmarking points for
inefficient DMUs, forecasting effects of adjusting input/output mix or production
scale, among other uses2.

                                                                                                                                                                     
avoided by assuming a particular time series pattern for inefficiency (e.g. Schmidt and Sickles (1984),
and Cornwell, Schmidt and Sickles (1990)).

2 In this respect, the approach developed in this paper should not be confused with the mean-variance
DEA approach (Post, 1997b). That approach has a comparable mathematical programming structure,
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We do not apply existing nonparametric regression techniques to the problem of
efficiency measurement. Rather, we derive from scratch an entirely new
nonparametric technique, especially tailored to the problem of efficiency estimation.
In this respect, it is interesting to compare our approach with the Kneip and Simar
(1996) approach of using kernel estimation, an existing nonparametric regression
technique. Interestingly, the asymptotic variance for the efficiency estimates of our
approach can be substantially lower than that of the kernel approach, especially if the
signal-to-noise ratio is low.  In fact, the asymptotic variance of our approach is
comparable to that of the estimators used in SFA (provided the latter use a correct
specification).  In addition, our approach is computationally more attractive, as the
efficiency estimates can be solved using a simple enumeration algorithm. This is an
important feature, because computational intensity is recognized as one of the key
reasons why nonparametric regression methods have not yet infiltrated the applied
literature to the degree that one might expect (see e.g. Yatchew, 1998).

The remainder of this paper is organized as follows. Section 2 recaptures the standard
DEA model. Section 3 introduces our new nonparametric model. Section 4 discusses
an efficient computational algorithm and Section 5 discusses the asymptotic
properties. Finally, Section 6 offers concluding remarks and suggestions for further
research.

2. DATA ENVELOPMENT ANALYSIS
The DEA methodology comprises a wide variety of mathematical programming models.
These models differ with respect to the assumptions imposed on the production
possibilities and the employed efficiency measure. In this study, we focus on the
model used in Banker (1993) which laid the statistical foundation for DEA. Following
Banker, we focus on multiple-input single-output problems, which allows for a
comparison with SFA models. Apart from multiple-input single-output problems, this
approach can be used for single-input multiple-output problems and for multiple-input
multiple-output problems that can be simplified using cost or revenue functions.

For each DMU in the data set },...,1{ nD = , we consider observations on a single
output +ℜ∈jy  and multiple inputs Sxxx mj ∈= )...( 1 , where S is a convex subset of

m
+ℜ . Theoretically, the efficiency of the DMUs is defined relative to the efficient

production frontier +ℜ→Sf : . The frontier represents the maximum amount of
output that can be produced by given amounts of input. We will assume throughout
the paper that the frontier is smooth, i.e. 0)()(lim

0
=−+

→
xfxf ε

ε
 for all x in the

interior of S.

                                                                                                                                                                     
but it deals with the effects of errors-in-variables on performance benchmarking rather than efficiency
estimation, and in addition it builds on a substantially different set of maintained production and
distribution assumptions.
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Observed output can deviate from the frontier, because of inefficiency terms ℜ∈ju 3.
The relationship between observed output and frontier output can be formalized as
follows:

(1) Djuxfy jjj ∈−= )( .

Unfortunately, production theory can not be applied directly in practice, because the
true frontier cannot be observed. Therefore, the inefficiency terms are estimated using
empirical data. DEA measures efficiency by comparing observed performance with
observed best practice reference units. These reference units are fictitious DMUs,
constructed as convex combinations of the DMUs in the data set. Specifically, the
model maximizes, for every evaluated unit separately, the distance of the observed
output from the output level of a reference unit that consumes amounts of inputs that
are smaller than or equal to that of the evaluated unit. More formally, using

( ) nT
n +ℜ∈= λλλ �1  to denote the fractions of the DMUs in the reference unit, the

inefficiency of the evaluated unit (DMUk) is estimated by solving the following
maximization problem:

(2) �
�
�

��

�
�
�

=≤−=
∈∈∈ℜ∈ +

1;maxˆ
Dj

jk
Dj

jjk
Dj

jjk xxyyu
n

λλλ
λ

.

Banker (1993) demonstrated that this estimator is statistically consistent (i.e., roughly
speaking, asymptotically unbiased and with a vanishing variance) if certain
production and distribution assumptions hold. Specifically, the production frontier
must be non-decreasing and concave, or equivalently the production set (i.e. the
hypograph of the frontier) must be free disposable and convex. In addition, the inputs
and the inefficiency terms are considered as random variables with independent and
identical distributions with probability density functions )(xg and )(uh respectively.
The inputs and inefficiency terms must be mutually independent; i.e. the joint
probability density ),( uxl is given by )()(),( uhxguxl = . The inputs must have a
strictly positive density for the entire domain S, i.e. Sxxg ∈∀> 0)( , and the
inefficiency terms must have a strictly positive density at zero, but no density at
negative values, i.e. 0)0( >h , 00)( <∀= uuh . If these distribution and production
assumptions hold, then the DEA estimator (2) is statistically consistent.

These assumptions do not include an explicit functional form for production frontier
f(x) and the distribution function of the inefficiency terms h(u). This gives DEA a
comparative advantage relative to SFA, which typically do require an explicit
specification. However, some of these assumptions can be restrictive in particular
research environments, e.g. because they exclude economic phenomena like
congestion and economies of scale and specialization. Stochastic disturbances are
another problem. Recall, that njxy jj ,...,1),,( = , represent the production data. This

                                                          
3 Following both the stochastic frontier approach and Banker (1993), we choose to model additive
technical inefficiency terms. This should not be confused with Farrell’s (1957) output measure of
technical inefficiency, i.e. )( jj xfy , which is typically employed in DEA.
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is not a harmless issue of notation. Equating the data set with the true values of the
inputs and outputs effectively assumes that the input-output values are correctly
specified. That assumption may be violated if stochastic disturbances such as
measurement error, omitted variables, and outliers perturb the observations. Standard
DEA can be extremely sensitive for such disturbances, because it selects ill-
diversified extreme points as reference units, which are extremely sensitive for
perturbations.

3. AN ALTERNATIVE NONPARAMETRIC APPROACH
In this study, we introduce stochastic disturbances analogously to SFA. More
specifically, in the relationship between observed output and frontier output, we
assume a residual that is composed of two parts - an inefficiency term ℜ∈ju  and a
stochastic disturbance term ℜ∈jv , i.e.:

(3) Djvuxfy jjjj ∈+−= )( .

In contrast to SFA, we will not specify the distribution functions for the inefficiency
terms and the disturbances, so as to preserve the nonparametric nature of DEA.
Unfortunately, the deconvolution of inefficiency terms and disturbances is highly
dependent on these probability distributions. This is especially true for estimating the
level of mean inefficiency DjuE j ∈∀= µ)( . Therefore, it is difficult to find good
estimates for the absolute value of the inefficiency terms, without making strong
distribution assumptions. However, for many research purposes, measuring
inefficiency relative to mean inefficiency is just as good information as measuring
inefficiency in absolute terms. Such purposes include the efficiency ranking of a
sample of DMUs, explaining the variation of inefficiency terms, and testing
hypotheses on inefficiency differences. Therefore, we focus on estimating
inefficiency relative to the mean rather than in absolute terms, i.e.:

(4) Djuw jj ∈−= µ .

We adhere to the standard distribution assumptions for the inputs and inefficiency
terms discussed in Section 2. Furthermore, we assume that the disturbances are
identically and independently distributed with probability density function )(vk . That
distribution has a zero mean and variance ∞<< 22 0, vv σσ . Furthermore, we assume
that the disturbances are independent of the inputs and the inefficiency terms, i.e. the
joint probability distribution is given by )()()(),,( vkuhxgvuxr = .

As discussed in Section 2, standard DEA selects reference units that maximize
observed output. Since output observations can include stochastic disturbances, that
selection method increases the likelihood of selecting a reference unit with a positive
disturbance. By contrast, below we will develop a selection method that is
independent of the disturbances. In addition, that selection method favors reference
units that are well diversified, and that are located in the proximity of the evaluated
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unit in input space. Before we turn to that method, we first analyze some properties of
independently selected reference units.

Consider the output difference relative to an arbitrary convex combination of
observations as an estimator for relative inefficiency:

(5)
∈∈

∈∀≥=−=
Dj

jjk
Dj

jjk Djyyw 0;1)(ˆ λλλλ .

The approach developed below will adhere to the use of convex combinations of
observations. However, the use of convex combinations does not imply that we
assume that the production set is convex. Rather, our approach replaces the
assumption of global convexity with a more general assumption of convexity over a
neighborhood of the evaluated DMU. As progressively more DMUs are introduced in
the sample, the neighborhood shrinks and the local convexity assumption becomes
less restrictive. The approach gives asymptotically unbiased estimates for all smooth
technologies, whether convex or non-convex.

By substituting (3), and using (4), we find that the estimator involves the following
estimation error:

(6) µλλλλ +−+−−=−
∈∈∈

k
Dj

jj
Dj

jjk
Dj

jjkk vvuxfxfww )()()(ˆ .

If the reference unit is selected independently of output, the above distribution
assumptions yield the following mean-squared error:

(7) ( )( ) 2222

2
2 12)()()(ˆ vk
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Dj
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which can be decomposed into bias

(8) ( ) )()()(ˆ k
Dj

jjkk xfxfwwE −=−
∈

λλ

and error variance

(9) ( ) 2222 12)(ˆ vk
Dj

ju
Dj

jkk wwV σλλσλλ
�

�
�
�

�
+−+=−

∈∈
.

Here, ,0, 22 ∞<< uu σσ  denotes the variance of the inefficiency term.



7

Not surprisingly, these expressions suggest that the output difference relative to an
independently selected reference unit generally gives a biased estimator with a non-
zero error variance. However, bias and variance vary from one reference unit to the
other. More specifically, variance is related to the degree of diversification of the
reference unit and the degree of self-comparison, and bias is related to the distance in
input space of the reference unit from the evaluated unit.

Interestingly, the error variance does not depend on the unknown production frontier.
Rather, the variance depends on the degree of diversification of the reference unit (i.e.
1/

∈ Dj
j
2λ ) and the degree of self-comparison, i.e. the extent to which the evaluated unit

is included in the reference unit (i.e. kλ ). Interestingly, increasing the degree of self-
comparison (and hence lowering the degree of diversification) can reduce variance,
because it increases the correlation between the disturbances of the reference unit and
that of the evaluated unit. The statistical goodness of our approach depends heavily on
accounting for this correlation, as is elaborated in Section 5.

By contrast, bias does depend on the frontier. Therefore, we are skeptical about the
possibility to quantify the bias based on our minimal set of maintained assumptions.
Still, the above expression implies that an unbiased estimator is obtained by
restricting the distance in input space between the referencing units and the evaluated
unit to zero, i.e. if miDjxx jikij ,...,1,0:0)( =>∈∀=− λ , then )(ˆ λkw  is unbiased.
In addition, for smooth frontiers, bias generally is lower the closer the referencing
units are located to the evaluated DMU, at least in the proximity of the evaluated
DMU. To exploit this insight, we propose to use a distance measure jξ  that goes to
zero as the input distance goes to zero, i.e. 0lim =

→ jxx kj

ξ , so that )(ˆ λkw  is unbiased  if

0:0 >∈∀= jj Dj λξ . One such measure is the squared vector norm of the inputs
standardized by their sample standard deviations

mixxs
Dj Dj

ijnijni ,...,1)( 2
)1(

12
1

1
2 =−=

∈ ∈
−− , i.e.:

(10)
=

�
��
�

� −
=

m

i i

ikij
j s

xx

1

2

ξ ,

Alternative distance measures can be used. For example, the squared Mahalanobis
distance could be used here, so as to account for interdependencies between inputs.
The asymptotic properties derived below apply for any distance measure that satisfies
the property 0lim =

→ jxx kj

ξ . However, the distance measure may affect the small sample

performance. The problem of selecting the appropriate distance measure is somewhat
similar to selecting the appropriate weighing function or kernel in kernel regression,
as the kernel translates the distance of an observation into the weight assigned to that
observation. We are sceptical about the possibilities of formally deriving 'optimal'
parameter values without imposing additional structure and compromising the
intended nonparametric orientation. Instead, we propose a more heuristic route. In
practice, the distance measure might be chosen in a data-adaptive way by trying
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different values and selecting the one that minimizes out-of-sample prediction error, a
technique known as cross-validation. Clarck (1975) first proposed this approach for
selecting the appropriate smoothing parameter or bandwidth in kernel estimation, and
Härdle and Marron (1985) and Härdle et al. (1988) discuss its properties.
Alternatively, the model could be solved for different distance measures, so as to
assess the sensitivity of the results with respect to different measures.

The above insights can be used to develop a 'good' selection method for reference
units. More specifically, we expect that well-diversified weighed averages of
independently selected DMUs in the proximity of the evaluated unit are good
reference units. Under the above distribution assumptions, asymptotically, an arbitrary
large number of DMUs can be found that use approximately the amount of inputs of
the evaluated unit (see Section 5 below). However, in finite samples, it is generally
not possible to find many observations that consume approximately that amount of
input. Therefore, requiring the referencing units to consume as much input as the
evaluated unit would result in self-identifiers (i.e. kjDjjk ≠∈∀== ,0,1 λλ ) or in
ill-diversified reference units. However, allowing referencing units to consume
different amounts of input may give biased estimates. Hence, we face a trade-off
between bias and variance in the selection of the reference unit.

We therefore propose to select the reference unit that minimizes a weighed sum of the
error variance and the weighed average for input distance measure (10), i.e.

(11) .112minarg 2222* �
�
�

��

�
�
�

=+�
�
�
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Dj
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Dj
jn

λξλκσλλσλλ
λ

Here, ,0, ∞<< κκ  represents the weight associated with input distance. It can be
interpreted as a 'smoothing parameter'. The optimal lambda's can be computed for
several values of Sxk ∈ , producing an empirical representation of the unknown
production technology4. The weight κ can be viewed as a smoothing parameter for
that representation. If we specify a small value for κ , few observations will have a
significant lambda and the resulting representation will appear rough ("unsmoothed").
By contrast, if it is set at a large value, many observations have a significant lambda
and the representation will appear "smooth". In this respect, κ  behaves similar to the
smoothing parameter in kernel regression, i.e. the 'bandwidth' that controls for the
local neighbourhood. Interestingly, the value of κ is irrelevant for the asymptotic
properties of the estimators (see Section 5 below). However, for finite sample
performance it can be relevant. As for the distance measure, cross-validation and
sensitivity analysis could provide guidance for the selection of the appropriate κ .

Unfortunately, the variance terms 2
uσ  and 2

vσ  are typically not known, and have to be
estimated. Using estimates 2ˆ uσ  and 2ˆ vσ , a reference unit can be selected as:

                                                          
4 However, our approach is specially tailored to the estimation of efficiency rather than the estimation
of the frontier. This is reflected by the fact that the objective is to minimise the (penalised) variance of
the inefficiency estimate rather than the variance of the frontier estimate.
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(12) .1ˆ12ˆminarg 2222*
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Assuming that a priori estimates of the variance terms are available is somewhat
problematic, as the calculation of such estimates frequently is one of purposes for
using efficient frontier analysis in the first place. Fortunately, the goodness of the
estimator (12) most essentially depends on the ratio of these estimates, i.e. the

estimated signal-to-noise ratio 
v

u

σ
σ
ˆ
ˆ , while the exact levels of the variance estimates

2ˆ uσ  and 2ˆ vσ  are of less importance. Specifically, the asymptotic properties depend on

the estimated signal-to-noise ratio 
v

u

σ
σ
ˆ
ˆ  only, as is elaborated in Section 5. In addition,

if the smoothing parameter κ  is selected using a cross-validation technique, the levels
of 2ˆ uσ  and 2ˆ vσ  don't affect the small samples properties either. This is because an
increase in the values of 2ˆ uσ  and 2ˆ vσ , keeping the signal-to-noise ratio constant, will
be completely offset by a proportional increase in the value of κ  that minimises out-

of-sample prediction error. In practice, the signal-to-noise ratio
v

u

σ
σ
ˆ
ˆ  can be specified to

reflect the subjective opinion of the researcher, or the estimates from an empirical
estimation5. Alternatively, the above routes of cross-validation or sensitivity analysis
may also be employed. Finally, following Varian (1985), one could turn around the
problem by computing the critical signal-to-noise ratio required to reach a particular
conclusion about the efficiency of the evaluated DMUs, and subsequently compare
this critical value with the prior opinions concerning the precision with which the data
have been measured. In any event, postulating a single signal-to-noise parameter to
indicate how reliable the investigator believes the data to be is much less
objectionable than the common practice of postulating an entire functional form for
the production function and error distribution (as in SFA).

The reference units selected by model (12) depend on the input distances jξ and the
estimated variance terms uσ̂  and vσ̂  only, with observations "nearby" having a higher

*
jλ  than observations "far away", and the evaluated unit itself having a higher *

kλ  if
the estimated signal-to-noise ratio is lower. However, the reference units do not
depend on the disturbances jv . In addition, model (12) favors well-diversified
reference units. Brief, our approach selects independently of the disturbances a well-
diversified reference unit in the proximity of the evaluated unit. This orientation leads
us to expect that the difference )(ˆ *λkw  is a good estimator for kw . We expect
goodness for a wide range of production frontiers (including congested and non-
                                                          
5 We assume here that the estimates 2ˆ uσ  and 2ˆ vσ are independent of the inefficiency terms and the
disturbances. This assumption can be violated if the estimates are based on the observations in the data
set.  In that case the *λ  in (12) can depend on the inefficiency terms and disturbances, and the
expressions for bias (8) and error variance (9) can be incorrect. Future research could focus on a
generalisation that allows for dependencies.
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convex ones), because DMUs in the proximity of the evaluated unit have
approximately the same conditional output mean as the evaluated DMU. In addition,
we expect goodness for a wide range of error distributions, because the reference units
are independent of the disturbances and well-diversified. Unfortunately, we can't
quantify based on our minimal set of assumptions the statistical goodness in finite
samples. However, Section 5 derives a number of attractive asymptotic properties.

Our model computes a weighed average over a neighborhood, where the weights and
the neighborhood are selected endogenously, so as to optimize the goodness measure
(the penalized variance term). This approach falls somewhere in between of the
existing nonparametric local averaging models and optimizing models (see e.g.
Yatchew, 1998). It uses the elemental idea underlying local averaging techniques that,
if a function is smooth, its value at a given point can be approximated reasonably well
by using observations of the function at nearby points. However, in contrast to local
averaging techniques, the weights and the neighborhood are not fixed at forehand, but
rather are selected endogenously, so as to optimize the goodness measure. In this
respect, there is some similarity between our approach and the use of e.g. kernel
models with a variable bandwidth (see e.g. Härdle, 1990).

4. COMPUTATIONAL ISSUES
Note that problem (12) is non-linear, and hence can not be solved using standard
Linear Programming techniques. This might appear as a disadvantage of our approach
relative to DEA, which does involve LP. However, using the mathematical theory of
duality, a computational algorithm can be derived that substantially reduces the
computational burden. More specifically, the optimal *

jλ  can be derived by finding
the largest subset DP ⊆  with jκξ  less than or equal to:

(13)
P

P Pj
ju

card

ˆ2
)(

2

∈

+
=

ξκσ
α .

We refer to this set as the optimal neighborhood *P for the evaluated unit. More
formally, that set corresponds to:

(14) �
�

�

�
�

�
�

� +
≤∈= ∈

∈ *

2

*

card

ˆ2
max:

*

* P
DjP Pj

ju

j
Pj

ξκσ
ξκ .

The optimal lambda's can be calculated from )( *Pα as:
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(15)
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v
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j

)ˆˆ(2
ˆ2)(

)ˆˆ(2
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,0max

22

2*

22

*

*

σσ
σα

σσ
κξα

λ .

Proof A in the Appendix formally proves the equivalence of (15) and (12). Problem
(15) can be can be solved with minimal computational burden. For example, one way
to select *P  is by ranking the observations in ascending order by their input distance,
select P={k}, and sequentially enlarging P to include the observation next in rank,
until PjPj ∈∀≤ )(ακξ  is violated6. A procedure in GAUSS-code for computing

the estimator ( )*ˆ λjw  in this way for is provided below.

                                                          
6 Using a more efficient search algorithm to find the critical observation could further improve
computational efficiency.

PROC(1) = INEFF(y,x,sv,su,k,j);

LOCAL d,m,n,i,z,l,p,a,w;

n=ROWS(x);
m=COLS(x);
d=SUMC((((x-x[j,.])./STDC(x)').^2)');

z=SORTC(y~x~d,m+2);
y=z[.,1];
x=z[.,2:m+1];
d=z[.,m+2];

i=1;
p=1|ZEROS(n-1,1);
a=(2*su^2+k*p'*d)/SUMC(p);
DO WHILE (a .GE k*d[i]) .AND (i .LT n);

p[i]=1;
a=(2*su^2+k*p'*d)/SUMC(p);
i=i+1;

ENDO;

l=MAXC(ZEROS(1,n)|((a-k*d)/(2*(sv^2+su^2)))');
l[1]=MAXC(0|(a+2*sv^2)/(2*sv^2+2*su^2));
w=l'*y-y[1];
RETP(w);

ENDP;
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The global variables are defined as y= ( )T
nyy �1 , x= ( )T

nxx �1 , sv= vσ̂ , su= uσ̂ , k=κ ,

and the local variables are defined as d= ( )T
nξξ �1 , l= *λ , ( )T

nppp �1= , where

�
�

∉
∈

=
Pi
Pi

pi 0
1

, a= )(Pα , and w= ( )*ˆ λjw .

5. ASYMPTOTIC PROPERTIES
Since the reference units are selected independently of the disturbances jv , using (8)

and (9), the bias and error variance of the estimator ( )*ˆ λkw  are given by:

(16) ( )( ) )()(ˆ **
k

Dj
jjkk xfxfwwE −=−

∈

λλ ,

and

(17) ( ) 2*2*22** 12)(ˆ vk
Dj

ju
Dj

jkk wwV σλλσλλ
�

�
�
�

�
+−+=−

∈∈

.

Unfortunately, it is generally not possible to formally quantify these statistics for
finite samples, since they depend on the (unknown) shape of the frontier and the
composition of the referencing units (which varies from one sample to the other).
However, some asymptotic properties can be derived. As progressively more
observations are introduced into the sample, the model can select more referencing
units that are located in the close proximity of the evaluated unit and that have
conditional output means comparable to that of the evaluated DMU. Asymptotically,
the optimal reference unit is composed of 'a very large number' of 'very small
fractions' of observations 'very close to' the evaluated unit, i.e.:

(18)
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.

Here, δ  andε  represent non-Archimedean infinitesimal small positive values. Proof
B in the Appendix formally proves this asymptotic property.

This result directly implies that the estimator is asymptotically unbiased (as shown
formally in Proof C of the Appendix), i.e.

(19) ( ) 0)(ˆE Asy. * =− kk ww λ ,
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and that it has the following asymptotic error variance (as shown formally in Proof D
of the Appendix):

(20) ( )
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Unfortunately, as in the parametric approach, the inefficiency estimator has certain
'intrinsic' variability. The consistency of DEA estimators for the deterministic case
does not carry over to our estimator in the stochastic case, because the uncertainty
regarding the evaluated point can not be diversified. The variance (20) depends on the
variance terms 2

uσ  and 2
vσ .  In addition, it depends on the goodness of the estimated

signal-to-noise ratio 
v

u

σ
σ
ˆ
ˆ . Furthermore, the variance is independent of the distance

measure jξ , the estimated levels of the variance terms 2ˆ uσ  and 2ˆ vσ , and the smoothing
parameter κ .

The error variance is minimal, if the estimate is correct, i.e.
v

u

v

u

σ
σ

σ
σ

=
ˆ
ˆ . In that case, (20)

reduces to:

(21) ( )( ) �
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Interestingly, the asymptotic error variance associated with the Kneip and Simar
(1996) kernel estimator is 2

vσ 7. Hence, our approach can substantially improve upon
the kernel estimator, especially if the signal-to-noise ratio is low. Our explanation for
this potential improvement is the two-stage orientation of the Kneip and Simar
procedure. It is tailored to finding a statistically good (asymptotically unbiased and
efficient) frontier estimate, and derives the efficiency estimate as a 'side-product' in a
second stage. By contrast, our approach is specially tailored to finding a good
efficiency estimate. In this respect, our approach comes closer to the original data
envelopment analysis, and the Kneip and Simar approach comes closer to the
parametric approach. The kernel approach does not require a signal-to-noise ratio.
Our approach does require such an estimator, as it focuses on estimating efficiency
rather than the frontier and it uses this estimator to reduce the variance below the level
of the kernel estimator. Specifically, if the signal-to-noise ratio is lowered, our model
increases the degree of self-comparison (i.e. *

kλ ), hence increasing the correlation
between the disturbances of the reference unit and that of the evaluated unit, and
reducing the variance of the efficiency estimate. This correlation is ignored if (as in
                                                          
7 This asymptotic variance is obtained by applying the least squares firm effect estimators (4.1) and
(4.5) in Kneip and Simar (1996) to cross-section data (i.e. T=1). Kneip and Simar considered the more
general case where panel data are available. Using panel data, the uncertainty regarding the evaluated
DMU can be diversified away, and consistent estimates can be obtained. Extending our approach
towards the use for panel data is a challenge for future research.
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the Kneip and Simar approach) efficiency is measured in a second stage relative to a
frontier that is fixed in the first stage.

The asymptotic coefficient of determination between kw  and its estimator )( *λkd can
be calculated from (20):

(22)
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This expression depends on the signal-to-noise ratio 
v

u

σ
σ  and the goodness of its

estimate 
v

u

σ
σ
ˆ
ˆ  solely. The error variance is minimal, if the estimate is correct. In that

case, (22) reduces to:

(23)
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Figure 1 displays this asymptotic statistic as a function of the signal-to-noise ratio.

Figure 1 The asymptotic coefficient of determination
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The asymptotic coefficient of determination is exactly identical to the population
coefficient of determination of the best linear stochastic frontier model, as derived by
Waldman (1984). In addition, it is very close to that of the non-linear conditional
expectation estimators proposed by Jondrow et al. (1982). However, as in DEA, the
proposed estimator does not depend on a correct specification of the functional form
of the production relationships and the distribution function of the inefficiency terms
h(u). In addition, in contrast to DEA, these results do not require free disposability
and convexity, and the results do allow for stochastic disturbances.

6. CONCLUSIONS AND ROUTES FOR FUTURE RESEARCH
We have presented a new nonparametric model for efficient frontier analysis. In
contrast to standard DEA models, it does not assume free disposability or convexity,
and hence can accommodate congestion and non-convex production characteristics,
such as economies of scale and specialization. In addition, our approach does not
assume that the input-output data are measured accurately, and hence can
accommodate stochastic disturbances, such as those caused by measurement error,
omitted variables and outliers. The efficiency estimates are asymptotically unbiased
and the asymptotic variance is comparable to that of the estimators used in SFA
(provided the latter use a correct specification). Interestingly, this asymptotic variance
can be substantially lower than that of the Kneip and Simar (1996) approach of using
kernel regression. In addition, our approach is computationally much less demanding,
as using a simple enumeration algorithm can solve it.

Notwithstanding these powerful statistical and computational results, this paper
constitutes a mere starting point for developing a new nonparametric approach to
EFA. In this respect, we see many routes for future research.

First, this paper has focussed on relaxing some debatable assumptions in the DEA
methodology. However, we have maintained a number of assumptions that can be
restrictive in many research environments. This calls for at least the following routes
of research:

1. One of the key attractions of DEA is its flexibility in dealing with multiple-input,
multiple-output technologies. By contrast, we have focused on multiple-input
single-output and single-input multiple-output cases and multiple-input multiple-
output cases that can be simplified using cost or revenue functions. Therefore,
future research could focus on generalizing our approach towards multiple-input,
multiple-output cases that cannot be simplified using cost or revenue functions.

2. We have maintained a number of statistical distribution assumptions that can be
restrictive in many research environments. More specifically, we have assumed
homoskedasticity and independence for the inputs, the inefficiency terms and the
disturbances.  These assumptions can be restrictive in many research
environments. For example, homoskedasticity for the inefficiency term in absolute
terms implies heteroskedasticity in percentage terms, as correctly pointed out by
one of the referees for this paper. We believe the analysis below can be
generalised in a straightforward way to include such effects. For example, as
suggested by the aforementioned referee, heteroskedasticity can be introduced by
using a log interpretation of the variables.
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Second, relying on minimal production and distribution assumptions can introduce
additional error in small samples. If the DMUs in the data set are considered as a
random sample from a hypothetical infinite universe, computation is subject to
sampling error. Sampling error occurs if few DMUs operate near the efficient frontier,
and hence the sample of DMUs gives a poor representation of the universe of
production possibilities. This problem is especially relevant if the technology involves
many input-output variables (the curse of dimensionality) and if the density near the
frontier is sparse. This suggests at least the following routes for future research:

3. Analyze the small sample performance using econometric analysis or simulation
studies. In this respect, one could use the existing tools that allow for the analysis
of the sampling distribution of DEA estimators and that allow for bias correction
and the estimation of confidence intervals (e.g. Hall et al. (1995), Simar and
Wilson (1998), and Gijbels et al. (1999)).

4. Sampling error is more serious if only few production assumptions are imposed.
For example, it is well documented (e.g. Kneip et al. (1998) and Park et al.
(1997)) that efficiency estimates from the free disposal hull model (Deprins et al.
1984), which assumes free disposability only, suffer more from sampling error
than the estimates from the Banker et al. (1984) model, which assumes convexity
in addition to free disposability. Therefore, it is generally desirable to include as
much production information as possible. This provides a strong stimulus for
developing models that do impose disposability, convexity or other production
assumptions (like returns-to-scale assumptions), tests for testing those
assumptions, and for analyzing the potential improvements associated with those
assumptions. Still, this paper deliberately focused on using minimal production
assumptions, because in many cases neither economic theory nor empirical tests
can provide a valid justification for such assumptions.

5. We have focused on cross-section data exclusively. Kneip and Simar considered
the more general case where panel data are available. Using panel data, the
uncertainty regarding the evaluated DMU can be diversified away, and consistent
estimates can be obtained. Still, using panel data is complicated by issues of data
availability and the need to specify a pattern for inefficiency over time. Extending
our approach towards the use for panel data is a challenge for future research.
Similarly, analysing the inefficiency of groups of DMUs is a way to reduce the
inherent uncertainty about firm-specific inefficiency estimates.

Third, it is not clear how the goodness of our approach is affected by the choice of the
parameters that we have left unspecified, i.e. the distance measure, the variance
estimators and the smoothing parameter. We have demonstrated that the asymptotic
properties do not depend on these parameters (apart from the estimated signal-to-
noise ratio). However, the parameters can affect small sample performance. We are
sceptical about the possibilities of formally deriving 'optimal' parameter values
without imposing additional structure and compromising the intended nonparametric
orientation. Instead, we propose the more heuristic routes of using cross-validation
techniques and sensitivity analysis. However, we have not discussed these issues in
great detail, and further research is required before definite conclusions can be drawn.
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Finally, this paper has focused primarily on the estimation of efficiency. Future
research could focus on exploiting the insights developed in this paper for other uses
of EFA, including estimation of elasticities of scale and substitution, selecting target
or benchmarking points for inefficient DMUs, forecasting effects of adjusting
input/output mix or production scale, among other uses.

Brief, this paper leaves many important questions unanswered. However, the
powerful statistical and computational results derived in this paper should provide a
strong stimulus to direct further research effort towards this technique.
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APPENDIX: FORMAL PROOFS

Proof A
The Lagrangean function associated with (12) is:
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We have from duality theory (e.g. Brinkhuis, 1996):
(A.2) ),(max),(min *

,
αλαλ

ααλ
LL = .
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Consequently, using (A.2) and substituting (A.3) in (A.4), the dual of (12) is:
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Since Djjj ∈∀≥≤ 0** λακξ , the solution *α is associated with the neighborhood

}{ ** ακξ ≤∈= jDjP . In addition, ** 0),0max( Pjj ∉∀=− κξα . Therefore, given the
neighborhood, (A.5) reduces to:
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The optimal solution to this problem is simply:
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This solution is also the solution to (A.5), if ** )( PjPj ∈∀≤ ακξ and ** )( PjPj ∉∀≥ ακξ .

Substituting (A.7) for α  in (A.4), and using 0)( * ≥Pα , we find
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Proof B
Reformulate (14) as
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We build our proof on two useful results. First, since { } ��
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Second, asymptotically, the data set contains an arbitrarily large number of units with proximity of at
most the non-Archimedean infinitesimal small positive valueδ , i.e. that lie within the non-empty set
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where )( kxg  denotes the probability density function introduced in Section 2. Since the inputs are
mutually independent, the probability of finding at least an arbitrarily large number
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Since the inputs have a strictly positive density for the complete production set, 0),Pr( >δkx , this
probability converges to unity as the sample size increases, i.e.:
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Proof C
The frontier is assumed smooth, i.e. 0)()(lim
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The variance associated with the reference unit n
+ℜ∈λ  can be expressed as:
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Combining (D.3) and (D.4) with property (18), we find
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or alternatively (20).■


	Nonparametric Efficiency Estimation in Stochastic Environments
	
	
	
	
	Catholic University Leuven
	Helsinki School of Economics
	Erasmus University Rotterdam


	Acknowledgements
	References
	Appendix: Formal proofs

	Proof A
	The Lagrangean function associated with (12) is:
	Therefore, using �, we find:
	(C.2) 	�.¦
	Proof D
	Consider the reference unit �. Substituing �in (9), we find the following variance:
	(D.1)	�.
	The variance associated with the reference unit� can be expressed as:
	(D.2)	�.
	The minimum variance for peers from � (as defined in (B.7)) amounts to
	(D.3) 	�,
	and the maximum variance amounts to
	(D.4) 	�.
	Combining (D.3) and (D.4) with property (18), we find
	(D.5)	�,
	or alternatively (20).¦



