Abstract

Data Envelopment Analysis (DEA) is an extensively studied, application driven doctrine for
analyzing Decision Making Units (DMUs) that consume inputs to produce outputs in a
deterministic and quantifiable production process. The essence of DEA is captured in the
minimum extrapolation principle, which guides us to envelope the data by the smallest set
that satisfies the imposed production assumptions. We thereby argue that the production
assumptions lie in the core of DEA, and the specification of assumptions is a determinant
practical consideration for al application of DEA. Unfortunately, this important matter is too
often confronted with persistent myths, illogical reasoning, or sheer ignorance.

In DEA, the production assumptions typically concern the shape of the production possibility
set in terms of such mathematical properties as monotonicity, convexity, and returns to scale.
This dissertation discusses the meaning and the interpretation of these properties specifically
within the DEA framework. Such aspects as economies of scale and of specialization as well
as incomplete or uncertain price information are considered. Our discussion focuses
especially on the various convexity properties, which are debated from both technological
and economical perspectives. Moreover, some difficulties in the treatment of congestion
using the two-stage DEA techniques are pointed out. In addition to the theoretical discussion,
we present some readily implementable operational DEA approaches which build more
directly on the observed data.

Key Words: Data Envelopment Analysis (DEA), Non-parametric efficiency analyss,
Production assumptions, Convexity, Free Disposable Hull (FDH), Economies of scale,
Economies of specialization, Price uncertainty
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Preface

Now that | have typed the last corrections and refinements to this piece of work, it is
time to look back and recall how this dissertation shaped into its present form. At the same
time, | have a pleasant opportunity to acknowledge those who have influenced this work and
supported my efforts through these years.

The initiative to this dissertation project came from Professor Pekka Korhonen and
Professor Jyrki Wallenius who recruited me as a full-time doctoral student to their MCDS -
program at Helsinki School of Economics and Business Administration, the Department of
Economics and Management Science in 1997. Ever since, Professor Korhonen, the chairman
on the department, has been a vauable advisor and supporter for me. As a successful
internationally renowned scholar, he has been an excellent example for me to follow.
Moreover, he has shown a lot of tolerance as my thesis supervisor, and has alowed me to
work independently with my own ideas without putting me too much pressure. Another good
academic role model for me has been Professor Jyrki Wallenius, the Vice Rector of our
university. | wish to acknowledge with much appreciation the financial support from the
Graduate School for Systems Analysis, Decison Making and Risk Management, which has
formed the primary source of funding for my dissertation project. Professor Seppo Salo, the
former head of our department, also earned my deep appreciation and respect. It is
devastatingly sad that he passed away before | had a chance to hand this completed
dissertation to him.

Looking back, the excellent background knowledge from my underground studies at
the University of Joensuu Economics Department gave me an ideal starting point to this
dissertation project. Most notably, Dr. Tarmo Réty is guilty of introducing me to the topics of
this thesis in the Econometrics classes on Spring-term 1996, and deepening my knowledge
while advising my subsequent Master’s Thesis. Tarmo was preparing his own dissertation on
the topic at the time, and his genuine fascination of the topic gave the decisive inspiration for
me to keep studying this literature. | believe the blueprints of this dissertation began to form
already in my undergraduate studies. | became fond of the nonparametric approach since |
was fully aware of the difficulties in specifying an appropriate parametric function form for
the production function. Moreover, | had aready developed healthy skepticism towards the
convexity postulate of DEA, which | found insufficiently motivated in most textbooks. (In
my Master's Thesis | aready applied the non-convex FDH model.) Through these years, |
have been in touch with Tarmo on a regular basis. Tarmo has proved a knowledgeable
discussant, a good friend, and a valuable source of older JPA papers, to which | am indebted.

In the beginning, the exact subject for my dissertation was not instantly clear, and it
took some while before it began to dawn on me. The key insight that eventually lead to the
publication of Article | below, and subsequently developed into this entire dissertation,
occurred very suddenly and unexpectedly to me in a particularly creative moment during the
5" European Workshop on Efficiency and Productivity Analysis held in Copenhagen on
October 1997. | cannot explain how this happened, but the plan for this dissertation began to
crystallize, and | became very enthusiastic and motivated to start working.

| feel have been fortunate in many respects, but | should also stress that the luck is
smply not enough. Refining even a most inspiring idea first to a journa article and
subsequently to a dissertation was a much more demanding process than | ever had expected.



Very soon | had to start revising my plans, as well as my papers. This appeared to go on and
on, endlessly, over and over again. In this process | acquired dozens of nice ideas | was keen
on presenting, but those ideas were scattered, unstructured, and seemingly unrelated.
Unfortunately, none of those nice ideas seemed to please the referees enough to warrant a
paper in any decent journa. Thinking of a complete book like this felt very remote, even
frustrating at times.

Fortunately, | have had numerous opportunities to attend and present my work in
international conferences, workshops and summer schools, thanks to the generous financia
support from the Foundation of Helsinki School of Economic and Business Administration,
the Foundation for Economic Education (Liikesivistysrahasto), Yrj6 Jahnsson’s Foundation,
and the Finnish Operations Research Society. The input from my 13 trips to 10 different
countries on 4 different continents has been an essential factor. These professional meetings
have enabled me to adapt to the mindset of the field, keep up with the latest developments,
make invaluable contacts with overseas colleagues, and get highly valuable feedback to my
own studies, among other benefits. Especialy the EURO Summer Institute at the University
of Warwick on August 1998, and the Productivity Workshops since 1997 have had a great
impact on my work. | wish to forward my deepest thanks all those wonderful scholars who
have shown interest in my work and have unselfishly shared their knowledge and insights
with me while down on the road. | am afraid the complete list would be too long to be printed
here, but I'm sure you know who you are!

These experiences helped me to redlize that it was my most urgent task to learn to
write papers of publishable quality. At least for me, this was a process of trial and error.
Consequently, 1 didn't give much though to the dissertation, but studied all interesting
research problems | knew without following any systematic agenda. My strategy was to take
the advantage of the learning curve by producing a large number of papers and to spread the
risk by investigating a wide variety of different problems and by targeting my papers to
different journals. This was a time of very intensive work and rapid progress.

| have been privileged to share my efforts with two very ambitious, creative, clever,
knowledgeable, work-oriented young scholars, Laurens Cherchye and Thierry Post, my non-
convex brothers in arms. Indeed, teaming up with two highly productive co-authors has
greatly enhanced my productivity. | have learned a lot from the intensive collaboration with
Laurens and Thierry, and | hope the fedling is mutual. Perhaps most importantly, | learned to
love the writing process, even the associated critical examination, which felt quite
discouraging at first. Brainstorming sessions, anticipating the reactions of referees, and
actually responding to the presented critique are actually very rewarding. And sharing this all
with good friends makes it even more fun. Cheers mates!

For roughly two years, | didn’'t give much though to this project and felt a bit uneasy
to even think about it. | could only hope that my hard work would eventually be rewarded by
papers that would form the dissertation some day. | took up the dissertation project again
back to my drawing board on Spring 2000. Article I, the paper that took the greatest effort,
had just been accepted for publication. Articles Il and Il had been accepted somewhat
earlier. After the discouraging initial record of 8 regjections, | suddenly was in the happy
situation where | had the required number of accepted publications at hand, and | merely had
to figure out a consistent story to bind the separate papers together. This was not the easiest
puzzle to solve, but | think | have managed to fit the pieces together surprisingly well.
Looking back, | see that I've followed the correct strategy.



It is worth to mention here that | have done my best to preserve the five articles that
congtitute this dissertation as strictly as possible in their originad form as intended for
publication, including any errors that | have become aware of afterwards. Hence, the articles
also quite aptly reveal the development of my argumentation skills in the last years, from
Article V which was written roughly two years ago in 1999 to the introduction that represent
my present condition. | have revised some of our statements in the Introduction section where
| review these articles to highlight the contribution to the theme of this dissertation. The
errors of more technical nature are addressed in Appendix 1.

| am grateful to my pre-examiners, Professor Rolf Fare and Professor Niels-Christian
Petersen, for their encouraging comments and constructive critique. Their fundamental work
on the very topics of this dissertation has formed a source of inspiration for me through these
years, and | think the influence of both these magnificent authors should be quite evident
from this thesis. To be honest, | could not name any more appropriate person to evauate the
contribution of this dissertation than Professors Fére and Petersen. | consider it a great honor
to have them both as the pre-examiners and the opponents of this dissertation.

Undoubtedly, the creative, internationally oriented, interdisciplinary atmosphere of
the Quantitative Methods unit has aso left its mark on my work. | have many pleasant
memories from the conference trips, summer schools and suchlike events with my colleagues
Tarja Joro, Veli-Pekka Helkkinen, and Pirja Heiskanen. | would aso like to thank Mikko
Syrjanen, Heikki Siltanen, and Sari Rytokoski for lunch-hour discussions and bringing in
some fresh new innovative sprit in the Methods group. My appreciation also goes to Tuula
Paukkunen, the secretary of the unit, who has aways kindly assisted me with the
practicalities.

| wish to acknowledge the inspiration from my parents Pertti and Eeva, whom | truly
respect and admire. Since my parents did not have too good possibilities to study in their
youth, | have always tried do my best and not to waste the excellent opportunities | have been
blessed with. My parents never put much pressure or high expectations on me, but have given
me the freedom to pursue my own routes. Their solid confidence in me has been a mgor
resource.

Last but not least, | am indebted to my wife Hanna who has managed our household
with great care and skill, giving me the opportunity to focus my attention on this work. My
son Teemu deserves a specia acknowledgement of the ability to cheer me up and bring me
back down on the earth whenever needed. You are the greatest joy of my life. | redlize that
my long working hours, numerous overseas trips, and observing my intensive thought
experiments at home have often made you question is it really worth the effort. | am not sure
yet, but | sincerely thank you for all the patience and love you have given me. As far as | can
decide, my work is not completed yet, but this is just the beginning. Still, | hope this
dissertation proves my efforts have not been totally in vain.

Koivukylg, Vantaa, March 9, 2001.

Timo Kuosmanen
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Introduction

The notion ‘* Data Envelopment Analysis ‘' (DEA) was introduced by Charnes, Cooper,
and Rhodes (1978). Today, DEA has become an extensively studied, application driven
‘multipurpose tool’ for analyzing Decision Making Units (DMUSs) that consume multiple
inputs to produce multiple outputs,* where the meaning of the words “DMU”, “input”, and
“output” can be quite freely interpreted. We shall confine attention to production activities
that can be characterized as a deterministic process of transforming quantifiable and
homogenous inputs to quantifiable and homogenous outputs. That is, any stochastic
variations in the process as well as any quality differences and non-measurable factors are
assumed non-existing, negligible for the purposes of the analysis, or ‘correctable’ by means
of some kind of data pre-processing. Although we do not impose any other qualifications on
the character of the potentia activities or the numbers of inputs and outputs, these
preconditions can still render some potentially interesting economic activities beyond the
scope of our methods. For example, in the service sector the quality of ‘production’ is of
primary importance, but it is extremely difficult - if not impossible - to measure the quality
aspect by the degree and accuracy required for efficiency analysis. Still, the focus on the
guantifiable activities is the traditional stance of DEA, and we shall not deviate from it here.

DEA is studied and applied in a number of disciplines, including Economics and
Econometrics, Operations Research and Management Science, Applied Mathematics, and
Statistics. Most traditional application areas of DEA include such categories as agricultural
production, health care, education, financial institutions, and public sector production. More
‘“unusual’ applications of DEA include e.g. efficiency assessments with historical production
data from Domesday England (McDonald, 1997), evaluation of aternative sites for the super-
conducting super-collider in Texas (Thompson et a., 1986), and assessing the multi-
dimensional performance of baseball players (Mazur, 1994). There exists a lot of evidence
that demonstrates the overwhelming popularity of DEA. See e.g. Seiford (1996) for a survey
article that lists over 600 published articles in refereed journals. We are not aware of the
current bibliometric statistics, but in our experience, the volume of DEA papers has recently
increased rather than declined.

As noted in the first paragraph of Article I, DEA has traditionally been used for
measuring various notions of technical and economic efficiency. However, in contrast to
earlier accounts on DEA which typicaly present DEA as a synonym to efficiency analysis,
we here de-emphasize the efficiency assessment aspects of DEA. On one hand, there aso
exist considerable alternative approaches to efficiency analysis, e.g. the parametric approach
known as Stochastic Frontier Analysis (SFA: see e.g. Bauer, 1990, for a survey). In fact, the
most significant contributions to the actual efficiency gauges date way back to the ‘pre-DEA’
era (e.g. Debreu, 1951; Shephard, 1951; Farrell, 1957) or have been presented at general level
without any direct association with DEA (e.g. Fare and Lovell, 1978; Zieschang, 1984,
Chambers et al., 1998; among others). On the other hand, DEA is by no means limited to the
context of efficiency analysis either. In fact, DEA is also employed for approximating
production functions, recovering unobserved shadow prices of inputs and outputs, providing
best-practice benchmarks, revealing shirking in principal-agent problems, and for decision

! In the single-input single-output case, the original DEA model coincides with the traditional ratios of (partial)
productivity indices, and the engineering definition of efficiency. In this sense, DEA could be viewed as an
extension of the traditional output/input ratios to multi-variable settings.

2 An application to the Finnish version of baseball, Pesdpallo, is reported in Kuosmanen (1999).



support in complicated choice situations, among other uses (see Article I, Section 1, for
references).

By the above arguments, we see DEA essentially as a frontier estimation technique,
which approximates the production frontier by a piece-wise linear envelopment supported by
the observed data points. In other words, DEA constructs a subset of the input-output space
that contains all observed DMUSs, i.e. DEA literdly envelopes the data. In economic
terminology, such an envelopment set can be viewed as an empirical approximation of the
production possibility set characterizing the technology, i.e. the hypograph of the production
function. In general, our objective is to reveal some interesting information of the (unknown)
underlying technology for the above-discussed purposes by studying the DEA frontiers.

Of course, one could easily imagine many alternative ways of enveloping any given
data. In DEA, the specification of the envelopment set is uniquely determined by the
apparently universally accepted minimum extrapolation principle (Banker, Charnes, and
Cooper, 1984). According to this principle, the empirical DEA production set should be the
minimal set that satisfies some imposed production assumptions.®> The production
assumptions of DEA conventionaly include monotonicity (i.e. free disposability of inputs
and outputs), convexity, and various notions of returnsto scale (see e.g. Article I, Section 2,
for forma definitions). Thinking in terms of the production frontier, monotonicity can be
viewed as afirst-order curvature condition, convexity can be seen as a second-order curvature
condition, while returns to scale properties can be thought of as homogeneity conditions. This
dissertation primarily focuses on the curvature conditions. monotonicity and convexity. The
returns to scale properties will be devoted less attention, because 1) the treatment of returns to
scale in DEA has aready been thoroughly investigated in the earlier literature (see Article I,
Section 2, for references), and 2) we are not aware of any acute problems in the standard
treatment at the moment.

From operational point of view, the minimum extrapolation principle connects DEA in
a natural way to optimization. Indeed, DEA typically employs modern Mathematical
Programming, especialy Linear Programming (LP) techniques. Much of the contemporary
research on DEA focuses on the operational issues of DEA. For example, how to formulate a
LP problem in such a way that the constraints characterize a particular set of production
assumptionsis a purely operational issue.

By contrast, some of the most profound methodological aspects of DEA apparently
rest on a quite shalow foundation. For example, which assumptions to impose, and by what
criteria, are issues which - to alarge extent - determine the results one will obtain by DEA. It
is worth emphasizing that the specification of production assumptions is not merely a
theoretical issue for academic debate. It is a question of vast practical importance for all
application of DEA. It seems not exaggerated to claim the success or the falure of a DEA
application essentially depends on its assumptions. Unfortunately, the DEA literature only
offers minimal guidance on the specification of the production assumption. Many valuable

3 By the term “production assumption” we explicitly refer to the maintained assumptions (axioms, postul ates)
concerning the properties of the underlying production set. Of course, we also need additional (explicit or
implicit) assumptionsin DEA. For example, we earlier assumed that the production process does not involve
stochastic variations and the data are error-free. Some authors have also imposed additional assumptions on the
distribution of inefficiency (see e.g. Banker, 1993). We here exclusively focus on the production assumptions
and the discussion on the role of the remaining premises falls beyond the scope of this dissertation. Interested
readers can e.g. consult our recent working papersKuosmanen and Post (1999) and Cherchye, Kuosmanen, and
Post (2000, 2001a) for further discussions on the stochastic settings.
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discussions with knowledgeable colleagues working in this field, as well as the feedback we
have received to our papers, give us an impression that quite many researchers and
practitioners feel puzzled about the production assumptions involved in DEA. We therefore
believe the role of production assumptions forms a generaly interesting as well as
challenging subject for this dissertation.

This dissertation consists of 5 distinct articles, which al contribute to the subject from
dightly different perspectives. We next take a brief outlook on these papers. Our purpose is
merely to clarify the connections between the independent papers, and to underline the most
interesting implications to the main theme of this thesis. Moreover, we use this opportunity to
briefly discuss some additional points of interest that did not find their way to the originad
papers. All technical errors we have identified after completing the papers are addressed in
Appendix 1.

Article I: Kuosmanen, T. (2001): ‘DEA with Efficiency Classification Preserving
Conditional Convexity’, European Journal of Operational Research 132(3), 83-99

The first article provides an elaborate introduction to the subject. First and foremost,
this paper emphasizes that there is no vaid justification for assuming production sets to be
generally monotonous or convex. For example, most commodities are more or less
indivisible, but indivisibility of inputs and/or outputs immediately violates both monotonicity
and convexity. Furthermore, even if inputs and outputs were divisible, congestion of
production factors (Fére and Svensson, 1980) violates monotonicity, while economies of
scale and of specialization violate convexity. A classic reference to the economic significance
of non-convexities is Farrell (1959), who aptly summarized the economic importance of both
these qualifications:

“A glance at the world about us should be enough to convince us that most commodities are
to some extent indivisible and that many have very large indivisibilities. Similarly, whenever
one refers to “economies of scale’ and of “speciaization”, one is pointing to concavities in
production functions. There is thus no need to argue the importance of either indivisibilities or
concavities in production functions — the former are an obvious feature of the real world, and
the latter have constituted a central topic in economics since the time of Adam Smith.

(Farrell (1959), p. 378-379) *

In his seminal 1957 paper, which laid the foundation for efficiency measurement in
general and DEA in particular, Farrell mostly focused on convex technologies in case of
constant returns to scale. Nevertheless, Farrell also discussed the possibilities of economies
and diseconomies of scale, and he openly admitted the difficulties his method faces in case of
economies of scale.® Interestingly, Farrell proposed to remedy this problem by the simple
"grouping method", which means applying his method of enveloping data to subsets of
DMUs operating at the sufficiently similar scale size. Farrell and Fieldhouse (1962) further
elaborated on this possibility. Moreover, Farrell and Fieldhouse proposed yet another
approach ("overal method') of applying the original Farrell method to data that is

* A careful reader notes that (in standard terminology of mathematics) the hypograph of a concave production
function is a convex production set, and hence Farrell’ s statement might appear somewhat confusing. However,
Farrell deviated (for convenience) from the mathematical terminology and simply associated “ departures from
convexity” with “concavity”. (Farrell, 1959; footnote 3)

® Of course, diseconomies of scale are easily handled in the standard (VRS/BCC) framework. Perhaps the
difficulties Farrell saw with the treatment of the economies of scale might explain why Farrell never extended
his method towards the so-called ‘variable returnsto scale’ (VRS) technology.
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transformed in such a way that constant returns to scale hold in the transformed input-output
variables. These subsequent research efforts (following the seminal Farrell (1957) article)
suggest that Farrell was genuinely concerned of the restrictive character of convexity in the
present context.

The problem with economies of scale has received considerable attention in the more
recent DEA literature. Most notably, Petersen (1990) and Bogetoft (1996), and just recently
Bogetoft, Tama, and Tind (2000) and Post (2001b) have proposed DEA formulations that
relax convexity of the production set, but maintain convexity of the input and/or output
correspondences. This specification allows for economies of scale, but (unfortunately)
excludes potential economies of specialization in inputs and/or outputs. Indeed, should the
input and output correspondences always be convex, there would not be any incentive to
specidize in production of some particular inputs or outputs. The notion “economies of
specialization” is by definition equivalent to non-convex input/output sets (e.g. Farrell, 1959;
Arrow, Ng, and Yang, 1998). As noted aready by Adam Smith in his famous needle factory
example (to which Farrell refers in the quotation above), speciaization can improve
productivity to a considerable extent. In Economic theory, increased specialization and
divison of labor are in fact widely regarded as the main sources of long-term economic
growth. Moreover, in many areas of Economics, non-convexities in technology have been
systematically raised up as the driving force behind specialization (see e.g. Yang, 1994; Yang
and Ng, 1993, 1995; Borland and Y ang, 1995; Y ang and Rice, 1994; Shi and Y ang, 1995).

Petersen (1990) originally motivated the adherence to convexity in input and output
space by referring to the ‘law of diminishing marginal rates of substitution’. This notion was
also cited by Bogetoft, Bogetoft et al., and Post as the motivation of their DEA formulations.
However, we cannot find other references to such law in the context of production in any
economic text we are aware of. The fact that neither Petersen nor the other authors citing this
law presented any exact reference lead us to suspect an unintentional and unfortunate
confusion to the classic ‘law of diminishing returns (discussed in more detail in Article I1).
That law, however, has nothing to do with convexity of input or output correspondences.

In Article | we also put the content of this suspicious ‘law’ into question by
demonstrating that marginal rates of substitution cannot be guaranteed to diminish in case of
increasing margina products, i.e. the very situation for which these 'relaxed’ DEA models
cited above were designed. Our example in Article | demonstrates how economies of scale
can actually give rise to economies of specidization under differentiability, even if the inputs
or outputs would seem to be technica complements by their nature. To illustrate this point
more specifically, consider the common textbook claim that input correspondences are
convex if production activities can be operated side by side without interfering with each
other (see e.g. the quotation of McFadden (1978) in Article I, p. 28). The following example
demonstrates that this need not be true in case of economies of scale. Suppose the output y
can be produced in two independent production processes involving either input 1 or 2, i.e.

X, % 1 A,. Specificaly, let the first production processes be characterized by the

production function y =xZ, and let the second (alternative) process be y =2x>. Note that

both processes exhibit genuinely increasing returns to scale, with increasing margind
productivity. Suppose further that we can operate these production processes side by side

without interfering with each other, so that the total amount of output is simply y = xZ +2x5.
Interestingly, one can easlly verify that the input correspondences associated with this
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technology are non-convex for all y>0.° This simple example suggests that when we alow for
economies of scale, it is difficult to ascertain convexity of the input isoquants by reasoning
how inputs might interfere with each other. Rather, this example and the discussion in
Section 3 of Article | demonstrate that economies of scale can lead to non-convex input
correspondences when there is no interaction whatsoever between the inputs, and even when
inputs are mutually complementary. By these somewhat discouraging findings we call for
extra caution with postulating convexity properties a priori.

Besides drawing attention to some unrecognized problems with the standard DEA
assumptions, Article | proposes a new less restrictive technology property so as to facilitate a
more general (and hence ‘safer’) DEA approach. That approach is based on the nove
conditional convexity concept introduced in Article I. The heuristics behind this notion are
very similar to that of the Farrell’s “grouping method”, i.e. we apply the standard DEA to
some subsets of DMUs for which convexity can be assumed to hold.” The problem is, of
course, how to identify those subsets.

In Article | we confine specia attention to the variant we call ‘efficiency preserving
conditional convexity', or shortly c-convexity. The starting point of that special case is the
observation that many important functions of DEA could actualy be performed without
imposing any production assumptions whatsoever, resorting only to the observed facts, i.e. to
the discrete set of observed DMUs. For example, we can classify which DMUs are clearly
inefficient —being dominated by at least one other DMU in each input and output- and which
DMUs seem efficient in the light of the given evidence. We refer to this efficiency
classification obtained without any production assumptions whatsoever by spontaneous
Pareto-Koopmans efficiency classification. Of course, we can further identify seemingly
efficient DMUs as target points or benchmarks so as to facilitate learning from the ‘best
practices . In fact, the adjacent literature of nonparametric production analysis (Afriat, 1972,
Varian, 1984) does resort to the discrete set of observed DMUs when testing for the
consistency of the observed production behavior with hypotheses of profit maximization or
cost minimization.®

Still, for other purposes of DEA it is desirable to go beyond the observations and
construct a continuous empirical frontier. The heuristics behind the c-convexity property are
the following: Analogous to the standard DEA, we interpolate the data by constructing a
piece-wise linear frontier consisting of hyperplane segments, where the empirically efficient
DMUs congtitute the vertices of the frontier. We deviate from the basic DEA in that we do
not allow any arbitrary ad hoc assumptions to violate the natural spontaneous Pareto-
Koopmans efficiency classification. This implies that the resulting production set can be non-
convex. We show that in theory, conditional convexity (and hence c-convexity as its special
case) implies both monotonicity and convexity, but not conversely. Therefore, conditional
convexity is amore general technology property than either convexity or monotonicity.

® Theinput sets are convex if the Hessian matrix of the production function isnegative semidefinite. However,
the Hessian matrix associated with this technology is a diagonal matrix (since 2y/fx x, = 12y/fx,x, = 0), the
diagonal consisting of positive numbers (f?y/qx? = 2 and 2y/qx? = 4). Hence this matrix is positive definite,
implying concave input isoquants and non-convex input sets.
" Interestingly, the modern equivalent of the Farrell and Fieldhouse “ overall method” isthe “ Transconcave
DEA” approach studied by Post (2000a,b). Of course, the main difficulty with that approach isthe specification
of appropriate transformations. Post has investigated this problem in more detail, and has obtained quite
gromisi ng resultsin simulated experiments by using empirical specification tests.

Most notably, Banker and Maindiratta (1988) and Fare and Grosskopf (1995) have stressed the kinship
between the distinct traditions of nonparametric production analysis and DEA.
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As discussed in Article |, a potential problem of the proposed approach is the
computational complexity. While the basic DEA models involve solving a single LP problem
for each DMU we desire to evauate, the c-convex DEA model presented in Article | boils
down to digunctive programming. Article | illustrated how one could characterize the
reference peer groups, and subsequently compute efficiency measures by solving a finitte
sequence of LP problems. Unfortunately, the total number of LP problems one needs to solve
in this primitive agorithm can be very large depending on the data set. It is therefore of
considerable interest to note here the encouraging result that more efficient computational
procedures do exist. Very recently, we have found a way of reformulating the digunctive
programming problem associated with the c-convex DEA model equivaently as a binary (0-
1) Mixed-Integer Linear Programming Problem (MILP).° Attractively, computing efficiency
measures relative to the c-convex technologies can be effectively conducted by solving a
single MILP problem per each DMU to be evaluated. Today, highly efficient algorithms for
solving MILP problems are generally available, and hence (in sharp contrast to the
conclusions of Article 1) we no longer need to worry about the computational burden of the c-
convex DEA modd.

From dtatistical point of view, we can think of the input-output data of DMUs as a
sample drawn from the production set, and DEA efficiency measures as estimates for the true
efficiency measure. Banker (1993) first demonstrated that these DEA estimates are consistent
under some relatively general distribution assumptions (see Simar and Wilson, 2000, for an
up-to-date discussion). In Article | we express the conjecture that under the standard
distribution assumptions considered by Simar and Wilson (2000), a DEA model based on c-
convexity should be statistically consistent for a more genera class of technologies than the
standard DEA (and Free Disposable Hull (FDH: Deprins, Simar, and Tulkens, 1984)) models
that build on the conventional monotonicity and/or convexity properties.

In finite samples, DEA efficiency estimator that builds on c-convexity is exposed to
sampling error like al DEA estimators. In Article | we have focused on a variant of c-
convexity that preserves efficiency classification of each observed DMU, but not the
classifications of the unobserved production vectors. Consequently, in contrast to the
standard DEA models, adherence to the minimum extrapolation principle does not suffice to
guarantee that the empirical production set is contained within the underlying production
set. 1% In other words, inefficiency of some DMUs could be exaggerated in a small sample.
Still, in larger samples, under the standard assumptions on the data generating process, the c-
convex DEA efficiency estimates should converge for a more general class of technologies
than efficiency estimates of any earlier DEA model. Moreover, the c-convex DEA model can
never yield smaller efficiency estimates than the convex DEA models. Hence, in light of the
aternatives, it would seem hypocritical to immediately object the potential negative small
sample errors associated with the c-convex DEA efficiency estimates. Specificdly, if the c-
convex DEA efficiency estimates happen to exaggerate inefficiency, the convex DEA
alternative will always do even worse because of its inherent specification error.

° The MILP formulation is presented in the paper in the forthcoming working paper Kuosmanen (2001), which
is available from the author upon request. Since the contents of the dissertation have already been formally
examined and approved, werefrain from drastic revisions at this stage, following the advise of the honorable
custos.

10 One might attribute this result to the shortcomings of the conditional convexity property. Conversely, this
result can be viewed as arather serious limitation of the fundamental minimum extrapolation principle, i.e.
adherence to this principle implies containment of the empirical production set within the true production set
only under some particular production assumptions, but not necessarily in general.
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Finaly, it is aways possible to apply the c-convexity condition, in addition to the
observed DMUSs, to all imaginable input-output vectors as well. It would be straightforward
to demonstrate that this second variant of c-convex DEA would ssimply give the intersection
of MH(S) and CH(S), where MH(S) is the monotone hull of observed DMUs and CH(S) is the
convex hull of observed DMUs (using the notation and terminology of Article I). This set
would of course be contained within the underlying production set for all technologies that
satisfy the c-convexity property. But unfortunately, by this more conservative approach we
lose the attractive ‘smooth’ frontier associated with the first variant, and the efficiency
measures no longer are continuous and subdifferentiable. There are no free lunches.
Nevertheless, this second variant could prove an interesting route to accommodate
‘congestion’ in the Free Disposable Hull (FDH) framework. That issue that has attracted
some interest among dedicated researchers (see e.g. Kerstens and Vanden Eeckout, 1999).
The fina remark smoothly moves us to Article ll.

Article II: Cherchye, L., T. Kuosmanen, and G.T. Post (2001): ‘Alternative
Treatments of Congestion in DEA: A Rejoinder to Cooper, Gu, and Li’, European
Journal of Operational Research 133(1), 69-74

This paper grew out from two referee reports to the article by Cooper, Gu, and Li
(2001), who advocated use of their new approach to dea with congestion in DEA by
presenting some numerical counterexamples against the established Fare, Grosskopf, and
Lovell (FGL: 1983, 1985) approach. Since many distinguished authors of the field apparently
have faced difficulties with the somewhat confusing terminology, we first discussed the
meaning and the relationships of the notions of congestion, free disposability, and structural
efficiency. By this clarification we hope to direct the on-going debate on this subject towards
more substantial issues.

We next refuted the claims of Cooper et al. by modifying their counterexamples.
Specificaly, we imposed some standard technology properties (explicitly assumed by FGL)
to demonstrate that the alternative approach advocated by Cooper et al. can ‘fail’ in exactly
the same way the FGL model was claimed to fail. To enable readers to follow the counter-
arguments, we have placed some necessary information on the examples available in
Appendix 2.

But in addition to the obvious, we tried to use this opportunity to emphasize two
points of far greater importance in the present context. Firstly, we expressed our skepticism
for empirical identification of congestion in a finite sample by any two-stage DEA model
(including the two specific models subject to this debate). Our concern essentially arises from
the fact that we typically only observe a sample of feasible input-output combinations, rather
than the full (super)population. If we observe a particular input-output combination, we
believe it must be feasible. But if we do not observe a particular input-output vector, it does
not yet imply this production plan would be infeasible. Unfortunately, the two-stage DEA
approaches do not take into account the possibility that some feasible production plans may
not be observed. In Article Il we refer to this phenomenon by the statistical term ‘sampling
error’. The problem is, the proposed congestion indicators can reflect violations of
disposability as they are expected to do, but they can equally well reflect occurrences where
our finite sample of DMUs simply does not include observations from al regions of the
efficient frontier. Unfortunately, we cannot immediately distinguish the former desirable
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effect from the latter unwanted influence by these techniques.'! We therefore suggested
establishing a stronger connection with the rapidly developing DEA literature that explicitly
deals with the issue of sampling error (e.g. Simar and Wilson, 2000).

Secondly, we politely called for more rigor and transparency with the assumptions. In
this respect, the treatment by Cooper et al. is an example that falls below any standards.
Firstly, Cooper et al. ignored the production assumptions on which the FGL approach was
built on — the assumptions that FGL had quite clearly stated in their texts. Worse still, Cooper
et a. did not mention what kind of assumptions their own method would necessitate. Y et,
these authors made the claim that their own approach is more meaningful than the FGL
aternative.

Looking at the bigger picture, these recent discussions are directly related to the old
debate between the advocators of the ‘loose paradigm’ (which Cooper et a. (2000) call the
“application oriented” approach) and the more rigorous ‘axiomatic approach’ to DEA
(represented most notably by Fare and Grosskopf). The present discussion has aptly revealed
the key advantages of the axiomatic approach. Our firm conviction is that when one becomes
concerned of the meaning of the numbers generated by sophisticated DEA formulations (like
Cooper et al. did), it is impossible to present any sensible argumentation if the maintained
premises remain concealed. Yet, we would stress that the axioms are merely useful
instruments for the logical reasoning. As Article Il next aptly demonstrates, it is possible to
reason logically even without mechanically resorting to axiomatics. The ultimate limitation of
any axiomatic system is that the axioms themselves cannot be proved correct by the system’s
internal logic, but must be justified by external arguments.*? This leaves room for a more
holistic reasoning (see Conclusions below for further discussion), which has been absent in
the contemporary DEA literature.

Article Ill: Cherchye, L., T. Kuosmanen, and G.T. Post (2000): ‘What is the

Economic Meaning of FDH? A Reply to Thrall’, Journal of Productivity Analysis
13(3), 259-263

Article 11l continues along the lines of the previous paper, but returns back to the
convexity property, now from the perspective of economic efficiency. This paper was written
as aresponse to Thrall (1999) who claimed that the non-convex FDH efficiency analysis has
no economic meaning whatsoever. Thrall based his argument on his principa theorem, which
essentially demonstrated that a DMU diagnosed technically efficient in the FDH model can
be highly inefficient in terms of profit maximization at exogeneoudy given and fully certain
prices.

In our opinion this result is not surprising at all, and certainly does not give rise to the
strong negative conclusions drawn by Thrall. Most importantly, a similar result can be easily
demonstrated to hold for the standard convex DEA models as well, i.e. atechnicaly efficient
DMU according to a DEA mode can equally well be highly inefficient in terms of profit

1 Actually, asimilar identification problem pertains to the identification and measurement of scale inefficiency
by anal ogous two-stage DEA approaches. For example, we might be tempted to explain observed productivity
differences by technical and scale inefficiencies. Unfortunately, DEA based finite sample inference may be
seriously biased because the sampling error can only increase the technical efficiency component whileit tends
to systematically decrease the scale efficiency component (essentially because the CRS technology isless
vulnerable to the sampling error). That is, we expect the two-stage DEA approach to exaggerate the importance
of scale efficiency relative to technical efficiency.

12 This point is manifested in the Godel’ s famous impossibility theorem.
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maximization. This is because technical efficiency is a necessary, but not sufficient condition
for economic efficiency. Unlike Thrall, we do not interpret that as a failure of DEA.

Interestingly, when we take the prices explicitly into account to measure profit
efficiency instead of technical efficiency, the convexity assumption becomes redundant. That
is, profit efficiency measured relative to the convex monotone hull of DMUs always equals
profit efficiency relative to the monotone hull (=FDH) of observations, which in turn equals
profit efficiency relative to the discrete set of observed DMUSs. This last observation follows
directly from the fundamental theorems of nonparametric production analysis by Afriat
(1972) and Varian (1984). Therefore, FDH is an equally meaningful technology
approximation as the convex DEA (VRS) model in the economic circumstances considered
by Thrall. These arguments ipso facto refute the claim of Thrall. But again, we used the
opportunity to take this line of reasoning a little bit further.

We argue that in many empirically relevant situations, the DMUs do not take prices as
exogenoudly given and fully certain. If we consider profit-maximizing behavior under
endogenous prices or price uncertainty, however, the redundancy result of convexity ceases
to hold in genera. We illustrate the endogeneity argument by a simple numerica example
adopted from Thrall.® That example demonstrates that under imperfect competition where
prices generally depend on the supplied/demanded quantities, a DMU can maximize profit,
but still become classified as inefficient in a convex DEA model. As for the price uncertainty,
we refer to Article V included in this thesis. The discussion of Article I11 hence provides an
illustrative verbal introduction to the perspective of economic efficiency investigated in the
last two papers.*

Article IV: Kuosmanen, T., and G.T. Post (2001): ‘Measuring Economic Efficiency
with Incomplete Price Information’, European Journal of Operational Research, to
appeatr.

Article IV first rephrases the foundations of the economic efficiency measurement. In
this perspective, we motivate the Farrell technical efficiency measure merely as a ‘proxy’ for
economic efficiency. Interestingly, economic efficiency notions require very detailed price
(or cost) information, while the technical efficiency proxy cannot immediately utilize any
price information whatsoever. In our experience, however, most research situations are
characterized as the intermediate cases where some important price data are unavailable or
poorly measured, but till, some bounds on the relative magnitudes of prices can be presented
based on theoretical knowledge or practical experience of the application area. Hence, in this
paper we investigate the possibility of improving the Farrell’s proxy by utilizing al price
information at hand. For sake of generality (and convenience), we assume the price domain
takes a form of a convex pointed cone, which allows for a gradual transition from the perfect
price information to the opposite case of no price information. We show how one can derive
an interval estimate for cost efficiency by applying the Farrell input measure to ‘ convexified
input correspondences which are augmented by the polar cones associated with the price
domain.

13 |tisworth to add that (like Thrall) we did not impose any production assumptions, but studied meaningfulness
of monotonicity from the point of view of the economic objectives.

14 For further discussion on price endogeneity and uncertainty, we refer to our recent working paper Cherchye et
al. (2001b).
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From operational point of view, these interval estimates can be conveniently
computed using the standard weight-restriction, assurance region, and cone-ratio techniques,
which have been extensively studied in the recent DEA literature (see Article IV for
references). In fact, the incorporation of price information to DEA is frequently mentioned as
the motivation of using these techniques. However, the interpretation of the resulting
‘efficiency scores appears to be an acute problem of those techniques, which seems to cause
a lot of confusion among the practitioners. Hence, we saw it worth to elaborate on the
economic foundation by this paper.

In addition to this theoretical elaboration, our treatment also suggests some distinct
material advances in comparison to the earlier proposals. Firstly, we proposed to consider the
entire interval of outcomes instead of solely focusing on the ‘optimistic’ upper bound. This
gives a more complete picture of the magnitude of the economic losses due to inefficiency on
one hand, and the gains obtainable by improving the performance on the other.*® Secondly,
we stressed that not al price information is aways desirable — a point that is typically ignored
in the weight-restriction literature. In essence, the value of the additional price information
depends on the notion of economic efficiency that is seen appropriate for the situation at
hand. For example, if we are primarily interested of cost efficiency, the output prices are
completely useless. Thirdly, we again emphasized the restrictive nature of production
assumptions, especially convexity. Thus far, the weight restriction approaches have been
predominantly employed in the convex DEA framework.*® For example, one can motivate
convex input sets by the focus on cost efficiency, but that is not a valid excuse for assuming
convex output sets. Consequently, we showed how to incorporate additional price
information in the less restrictive FDH technology. Interestingly, the cost efficiency estimates
can in this case be computed by the standard LP codes, complemented with a very simple
enumerative principle. An application to European commercial banks demonstrates that even
some dlight restrictions on the feasible price domain can result in substantial improvement in
the efficiency estimates (provided that the restrictions are correct).

Article V: Kuosmanen, T., and G.T. Post (1999): ‘Nonparametric Efficiency Analysis
under Uncertainty: A First-Order Stochastic Dominance Approach’ Helsinki School of
Economics and Business Administration, Working paper W-230

Finaly, in Article V we extend the economic efficiency anaysis circumstances
characterized by price uncertainty. More often than not, the producers must commit
themselves to certain production plans before they have completely certain information on
the input or output prices — consider capital inputs for example. Therefore, the ex post
performance evaluation undertaken with DEA may not be appropriate when producers face
ex ante price uncertainty. Of course, evaluation of ex ante efficiency of production plansis a
complicated task, and to the best of our knowledge, this paper is the first serious attempt to
shift the perspective of DEA towards this direction.

To take the risk preferences of DMUs explicitly into account, we formulated the
production objective to be maximization of the expected utility of profit. Interestingly, we

15 Unfortunately, there is an annoying technical error associated with the lower bound, which may cause some
confusion. The error is corrected in the Appendix.

16 For example, Seiford (1996) explicitly stressed that the weight restriction techniques are available for the
convex DEA models, which can give an impression that weight restrictions cannot be incorporated into the FDH
framework. Asfar aswe know, Article IV makesthe first proposal to introduce the weight restrictions to the
FDH analysis.
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have later discovered that this objective function has established as the standard in the theory
of firm under uncertainty (the classic references are McCall, 1967; and Sandmo, 1971). Still,
it should be emphasized that the nonparametric efficiency tests proposed in this paper do not
essentially depend on the expected utility hypothesis. In contrast to our statement on p. 91
(Section 3, the last paragraph), a wide range of aternative non-expected utility theories are
consistent with the First-order Stochastic Dominance (FSD) criterion, and can hence be
immediately accommodated within our framework.

Our objective is to assess whether the evaluated input-output vector could be viewed
asarationa ex ante choice that complies with some unknown well-behaved decision rule (i.e.
is consistent with the FSD criterion) under some unknown price distribution. Using a similar
structure of the price domain as in Article 1V, we derive the necessary and sufficient
conditions for a DMU to be consistent with the FSD condition. Interestingly, we note that
these conditions include some standard conditions of economic and technical efficiency as
the limiting special cases. This indicates the possibility to extend the traditional ex post
efficiency conditions in a relatively straightforward way towards ex ante efficiency
evauation. Moreover, this proves that the proposed FSD test approach is easly
implementable by the standard computational techniques.

Of course, we might also think of a degree measure of inefficiency in case our test
indicates inefficiencies. However, such measure should almost inevitably be based on the
‘utility’ scale. But unfortunately, measuring the utility loss of inefficiency seems highly
problematic, given our nonparametric orientation. Moreover, the complexity of the current
setting involving price uncertainty appears to render the dua approach of Debreu (1951)
ineffective. Due to these difficulties, we abstract from measuring the degree of inefficiency
and merely focus on identification of inefficient DMUs.

As for the production assumptions, we elaborate on our earlier argument (see Article
[11) that under price uncertainty the convexity of production possibility set is generally not a
harmless condition, which is in a sharp contrast to the standard result under price certainty. In
contrast to convexity, we show that monotonicity does remain as a harmless condition in the
new setting as far as the utility function is increasing in profit.

The restrictive nature of convexity essentially arises from the alowance for risk
preferences, i.e. risk aversion. Interestingly, it can be easily demonstrated that if producers
are assumed to be risk neutral, the standard result of harmless convexity is restored. This is
because risk neutrality implies that the expected utility of profit always equals the utility of
the expected profit, or equivalently, the utility of profit at the expected prices, i.e. (using the
obvious notation)

EU(p) = U(Ep) = U(E(p)Y - EW)X).

To prove the harmless character of convexity in this case, one can simply rephrase the
Afriat’s Theorem (e.g. Varian (1984)) in terms of expected prices (instead of the fully certain
prices).

It remains an interesting challenge for future research to investigate how the power of
the proposed nonparametric stochastic dominance test could be improved by imposing higher
order restrictions on the risk preferences, e.g. by using the Arrow-Pratt measure of risk
aversion or the certainty equivalent as instruments. Conversely, it would be interesting to find
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away to recover how large the degree of risk aversion or the certainty equivalent would have
to be in order to be able to ‘rationalize’ a given non-dominated input-output vector.

Conclusions and Discussion

We have argued that DEA is essentialy a nonparametric approach to frontier
estimation, in which the imposed production assumptions play a central and determinant role.
We discussed the meaning and the interpretation of the production assumption, which
typically include such properties as monotonicity, convexity, and returns to scae. We
introduced some new aspects such as economies of scale and of specialization as well as
incomplete or uncertain price information into this discussion. Our remarks especially
focused on the various convexity properties, which were debated from both technological and
economical perspectives. Moreover, some difficulties in the treatment of congestion using the
two-stage DEA techniques were pointed out. In addition to the theoretical discussion, we
present some readily implementable operational DEA techniques, most notably the c-convex
and the price-augmented production sets, which build directly on the observed data.

Although the mathematical definition of production assumptions does not leave any
room for speculation, there are considerable differences in the interpretation of the
assumptions between different authors. We therefore find it illustrative to categorize
alternative perspectives to production assumptions according to their source and their
function. The production assumptions can originate from 1) rational arguments and intuition
or 2 empirical considerations and evidence. Secondly, we can categorize the production
assumptions according to their intended purpose as i) descriptive statements or i)
instrumental hypotheses. This classification gives us four alternative views of the nature of
production assumptions.

Table 1: Alternative perspectives to production assumptions: example
arguments and representative references

Rational Empirical

Descriptive Production possibilities are Evidence from empirical
convex, because the studies supports the
manufacturing processis both | assumption that production
additive and divisible. possibilities are convex.
Arrow and Hahn (1971) Tulkens (1993)

Instrumental | Convexity is a'harmless "Decison-Makers find the
regularity condition under results of the convex DEA
profit maximization. model more convincing than

the results from the non-

Varian (1984) convex model."

Table 1 illustrates these four different perspectives in case of the convexity
assumption. To illustrate each category, we formulated some arbitrarily chosen example
arguments to justify the convexity assumption. Moreover, we included a representative
references to papers where the perspective is present. Note that our examples and the
references are not meant to be directly related. For example, Tulkens (1993) takes exactly the
opposite stance to the example argument presented in Table 1. Moreover, we are not aware of
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any explicit arguments where empirical evidence had been used to back up instrumental
assumptions, and we see that this position is virtually non-existing in the literature.

In the articles that constitute the main content of this dissertation, we have criticized
production assumptions from al these perspectives, focusing on various convexity
assumptions. Firstly, we have presented rational arguments for why standard production
assumptions like convexity need not hold in redlity, drawing attention to such aspects as
economies of scale and of specialization. Moreover, we have pointed out some important
limitations in the line of reasoning presented in the earlier literature. We refer especialy to
Article | for further discussion.

Secondly, we have investigated the existing empirical evidence, which cannot be
described exhausting at the moment, and found some indication of violations of the common
assumptions (see e.g. Article I, Section 3, p. 33). However, we consider the existing empirical
findings regarding the production properties tentative at best. In our opinion, a serious
empirical program would necessitate more developed statistical techniques, which could
account for both the sampling error and the data problems. Although some considerable steps
have recently been taken in that research direction (see e.g. Article Il, Section 6, for
references), a number of problems remain unsolved. Furthermore, we face rather fundamental
identification problems whenever we investigate a spontaneously generated real-world
economic data (rather than fully controlled and isolated production experiments, like e.g.
field trials in agriculture). For example, the fact that we do not currently observe any DMU
producing in the congested or non-convex region of the production frontier does not
generaly imply the production technology would be monotonous and convex. It may simply
be the case that the economic motives (e.g. profit maximization) drive the DMUs to produce
at the economically advantageous regions of the frontier even though the underlying
technology actually is non-monotonous and non-convex. That is, an economic selection
effect occurs, which makes the data look like it had come from a "nicely behaved" convex
monotonous technology (analogous to eg. Afriat, 1972; and Varian, 1984). This
identification problem is an important (yet largely ignored) consideration in many functions
of DEA, including the planning of the future activities, in the (re)allocation of resources to
the DMUSs, as well asin the forecasting of the firm behavior.

Thirdly, from the purely instrumentalist perspective, we do not see there any materia
value whatsoever in such production assumptions that are harmless, i.e. do not interfere with
the results. As discussed in Article 111, the discrete set of observations would then give the
identical results. That is, we object using the duality relationships between the economic
objective functions and the technology representations as a justification for production
assumptions in DEA. On the other hand, the instrumental statistical argument of imposing
production assumptions to reduce the sampling error in efficiency estimates has the obvious
cost of increased risk of specification error, without any associated gain in the asymptotic
properties. As noted above, we are not aware of systematic instrumentalist accounts based on
empirical findings.

By the above arguments, we call for displacing the production assumptions from the
leading role they now play the contemporary methodology. Instead, we would like to see
there a genuinely data driven DEA, which truly lets the data 'speak for itself' rather than force
it to the idiom of some arbitrary ad hoc postulates. In our opinion, the first important step in
the correct direction is taking the discrete set of empirical observations as the basic starting
point of investigations. Note that focusing on the discrete set of observations is perfectly in
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line with the minimal extrapolation principle of DEA when no production assumptions are
enforced. The five articles below all share this data focused perspective. It is evident from
these papers that our point is not to abandon envelopment sets or DEA. We have merely
observed that the strongest cases for enveloping the data are typically the motivated from the
perspective of economic conditions, objectives or efficiency criteria, rather than form
technology properties. Under such circumstances, the discrete set of observations is at least
an equally good technology representation as any envelopment set. We do recognize the
possibility of eliciting technical information (e.g. engineering consideration, see e.g. Chenery,
1949) that can be incorporated into the analysis by means of global or local production
assumptions. However, we find this a quite difficult route, limited to very simple production
activities.

Finally, we think the fully blown methodology would also more explicitly recognize
the serious data limitations, incomplete information, and uncertainties involved in production.
This would call for more transparent model specification and justification of the
methodological choices reflected aso in the conclusions and implications. Most certainly,
this means 'weaker' results in the sense that greater emphasis should be based on investigation
of aternative scenarios, speculative 'what if..." thought experiments, examination of the
extreme cases, and more systematic sensitivity and robustness analyses. However, results of
such comprehensive analyses would almost certainly be 'stronger’ in terms of their empirical
content.
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1. INTRODUCTION

Data Envelopment Analysis (DEA), originating from Farrell’s (1957) semina work and
popularized by Charnes, Cooper and Rhodes (1978), provides a flexible nonparametric
doctrine for empirical production analysis. In recent decades, DEA has rapidly expanded
towards new application areas (see e.g. Seiford (1996) for a survey). In addition to its original
use in efficiency measurement, DEA is adso employed for approximating production
possibility sets or input/output correspondences (see Fare and Grosskopf (1995)), recovering
shadow prices (see Fare, Grosskopf and Nelson (1990)), providing best-practice benchmarks
(e.g. Bogetoft and Hougaard (1999)), as monitoring tool in agency problems (Bogetoft
(1994)), and as a*“lazy man’s decision support tool” (Doyle (1995)).

The key contribution of DEA to efficiency analysis, and empirical production analysis
in genera, is the possibility to approximate unobservable production technologies from
empirical input-output data of Decision Making Units (henceforth DMUSs) without imposing
overly restrictive parametric assumptions. See e.g. Bauer (1990) for a discussion of
parametric frontier models. Still, DEA models usually impose monotonicity (i.e. free
disposability of all inputs and outputs) and convexity assumptions, sometimes complemented
with assumptions concerning returns to scale properties (see e.g. Seiford and Thrall, 1990).

It is to be noted that the basic determinism postulate of DEA, which states the
production set should contain all observed Decision Making Units (DMUSs), already suffices
for many important functions of DEA. Additiona properties such as monotonicity and
convexity become useful when we wish to extend the scope of the analysis to assessments
concerning the degree of inefficiency (using e.g. the radial Debreu-Farrell measures), and the
shape of the "best-practice" production frontier. Unfortunately, these assumptions can be
viewed overly restrictive, too. In fact, these properties can be violated in many important
situations well recognized in economic theory. Congestion of production factors (see Féare
and Svensson, 1980) can violate monotonicity. Many other features such as increasing
marginal product of inputs, or indivisibility of inputs and outputs can violate convexity. To
guote McFadden (1978, p. 8): “Convexity... holds if the technology is such that substitution of
one input combination for a second, keeping output constant, results in a diminishing
marginal reduction in the second input combination, or if production activities can be
operated side by side (or sequentially) without interfering with each other. However, the
importance of [monotonicity and convexity] in traditional production analysis lies in their
analytic convenience rather than in their economic realism.”

Restrictiveness of the standard monotonicity and convexity conditions provides a
substantial motivation to look for more genera properties, on which DEA models could be
more firmly based. In this paper we propose to relax the convexity property by imposing
additional qualifications on technical feasibility of convex combinations of observed DMUSs.
The focus on convexity instead of monotonicity is justified by the fact that unlike
monotonicity, convexity does not interfere with the static taxonomy of efficiency measures
presented by Farrell (1957) and extended by Fére, Grosskopf and Lovell (1983, 1985). We
specifically focus on developing a condition, which preserves the standard efficiency
classification based on the classic Koopmans (1951) definition. This condition yields a very
general conditional convexity property, which is implied by both monotonicity and
convexity, but not conversely. Substituting convexity by conditional convexity, we construct
various empirical DEA approximations as the minimal sets that contain al DMUs and are
consistent with the imposed production assumptions. Imposing an additional disunctive
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constraint to the convex DEA models can enforce conditional convexity. Computation of
efficiency measures relative to this production set can be performed through Disunctive
Programming.

The rest of the paper unfolds as follows. Section 2 presents the necessary notation and
terminology by reviewing the static taxonomy of efficiency measures. Section 3 discusses the
role of convexity and monotonicity properties in the DEA reference technologies. Section 4
presents the central concept of this paper: viz. conditional convexity. In Section 4 we aso
discuss how an empirical production set can be constructed based on efficiency preserving
conditional convexity. In Section 5 we formulate the Digunctive Programming problems for
characterizing various reference technologies and computing efficiency measures relative to
them. Section 6 illustrates the approach by a ssimple numerical example. Finally, Section 7
draws our conclusive remarks.

2. STATIC TAXONOMY OF EFFICIENCY MEASURES

DEA models assess various performance dimensions of decision-making units (DMUs)
that allocate inputs x=(x,...x;)" T A{ to produce outputs y=(y;...y,)" T AL, Inputs and

outputs are assumed to be observable and to completely characterize the production process.
In this paper we focus on the static or cross-sectional efficiency analysis. For dynamic
performance evaluation, see e.g. Fare and Grosskopf (1996). This section presents the
necessary conceptual apparatus for the subsequent sections by discussing the static taxonomy
of technical efficiency. For sake of simplicity, we mostly focus on input side, but the
framework laid down in this section extends to output and full input-output space as well, see
e.g. Fare, Grosskopf and Lovell (1985) for further discussion.

In this paper we characterize the production technology in terms of the production
possibility set

T :{(x, y)T A%P|input x can produce output y}.

The production set T is generally assumed to be closed and nonempty. Additional properties
discussed in this paper include:

Monotonicity.: A production set T is said to be monotonous if for all (xy):
T TP (x+u,y-v)T T"ul A% vl AP,

Convexity: Let X and Y denote a (9" n) input matrix and a (p” n) output matrix

respectively, and let X (Y;j) denote the column j of X (Y). A production set T is said to be
convexif for all X,Y: (X, ,Y)T T"j=1.,np (XI V)T T"I TAl d =1.

Constant Returns to Scale (CRS): A production set T is said to exhibit constant returns to
scaleif T=aT,a >0.

Four remarks of these properties are worth noting. First, monotonicity is equivaent to
free disposability of all inputs and outputs. We think of monotonicity as a property of a
production set, while disposability is a property associated with inputs and outputs. Second,
monotonicity and convexity properties can be straightforwardly associated with subsets of T
(i.e. input or output correspondences) as well. Monotonicity (convexity) of production set
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naturally implies monotonicity (convexity) of these subsets, but the converse need not hold.
Third, returns to scale properties are commonly associated with a production set, but also
with production vectors, as discussed below in more detail. Finally, the basic DEA toolbox
includes alternative returns to scale properties as well, see e.g. Seiford and Thrall (1990). In
this paper we mainly focus on the constant returns to scale (CRS) property. We briefly note
in Section 5 that the basic alternative properties are obtained by ssmple modifications to the
models presented here.

In what follows we shall also employ an equivalent representation of production
possibilities: the input distance function by Shephard (1953) defined as

D;(x,y) =upla T A, |(x/q,y)T T}.

If inputs are weakly disposable, i.e. (x,y)T Th (x/q,y)I T ql (04],then Dy (x,y) 3 1is
equivdent to (x,y)I T, and D,(x,y)=1 characterizes the isoquant of the input
correspondence (e.g. Fare (1988)).

Following Koopmans (1951) (see dso Fare, 1988), the efficient subset of the
production set T can be defined as

Eff.T ={(x )T TIXExX Y3 y,(X,y)t (xy)P (x,y)I T}.

In the subsequent sections we will also employ another relevant subset, the weak efficient
subset defined as (e.g. Fare, 1988):

WERE T ={(x,y)T T|X<x,y>yPbP (x,y)I T}.

Clearly, WEff. TEEffT . That is, efficiency implies weak efficiency, but the reverse
relationship should not necessarily hold.

There are a number of alternative measures for gauging the degree of inefficiency (see
e.g. De Borger et a. (1998)). In this paper we confine attention to the standard Debreu-Farrell
input measure, which is simply the inverse of the input distance function, i.e.

DF; (X,y) = D:(x,y)*. )

As noted by Fare and Lovel (1978), the Debreu-Farrell input measure can fail to fully
account for al inefficiency in the sense of Koopmans. Most notably, the Debreu-Farrell
measure may equal unity for an inefficient DMU, and the reference point (DF (X, Y)X,Y)
does not necessarily belong to the efficient subset. Nevertheless, the remaining nonradial
'dacks are in the origina Farrell's framework captured by the allocative efficiency
component, which depends on the objective function of the producer. In this paper we leave
the explicit producer's objective unspecified, and hence focus on technical efficiency.

Fare, Grosskopf and Lovell (1983, 1985) extended the static taxonomy to include
additional notions of structural efficiency and scale efficiency. For these purposes, define the
monotone hull (MH) of T as the smallest monotone set that contains T, i.e.

MH (T) :{(X, y)|x: X+uy =y-v; (X, y-)T T;(U,V)T ATp}-
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Next, define the smallest monotone set that exhibits CRS and contains T as the ray-
unbounded monotone hull (RMH), i.e.

RVIH (T) ={(x, y}(x, y)T I MH(T),I >0}.

Structural efficiency (STR) and scale efficiency (SCA) can now be defined as

DF 1y (X,
STR, (x,y) = #X(Xy)y)
_ DFRMH(T) (x,y)
LA )= DFMH(T) (X, y)

respectively. Production is diagnosed structurally efficient if and only if it occurs in a non-
congested or "economic” region of production, where marginal product of every input is non-
negative. Moreover, production is diagnosed scale efficient if and only if production takes
place at the most productive scale size (see Banker et al. (1984) for discussion). Note that
producing on the most productive scale need not always comply with the primary objectives
of the producer (e.g. profit maximization, cost minimization), and consequently, scale
efficiency should not be automatically included in overall efficiency criteria. For further
details of structural and scale efficiency measures, see Fare, Grosskopf and Lovell (1983,
1985).

3. DEA APPROACH

The previous section phrased in terms of a theoretical production set T. Too often, the
true production technology cannot be characterized precisely enough by engineering
blueprints or other theoretical knowledge of the production process. The key feature of DEA
is that it allows us to approximating the production technology directly from the observed
production data. Let our observed sample consist of n DMUs, and denote the matrix of output

vectors by Y:(yl--~y”) and the matrix of input vectors by X:(xl---x”). We use
I =(I1---I”)T to denote the vector of intensity variables, and e=(1---1). Findly,
S={1...,n} denotesan index set of cardinality n.

In deterministic DEA it is generaly assumed that all observed production vectors are
technically feasible, i.e. (X,,Y;)T T"j1 S. This seems reasonable if the relevant input-

output variables can be measured accurately enough; after all, these input-output
combinations are observed. As aready suggested by Tulkens and Vanden Eeckaut (1999),
this basic assumption already allows one to distinguish between efficient, weak efficient, and

inefficient DMUs respectively, i.e.
EFL(GY) ={T 981 Stx £x,y, 2 .06 90 (%)) 2

WEFF.(X,Y) ={jT 98T S:x <x;.y, >y}, 3
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Ineff.(X,Y) ={j1 §j1 WEFf.(X,Y)}. 0

Distinguishing these subsets does not require any assumptions other than the determinism
condition discussed above. Consequently, we will refer to these subsets as the ‘spontaneous
efficiency classification. These sets are sufficient as such e.g. for benchmarking purposes (see
Bogetoft and Hougaard (1999)). Also ordinal ranking of DMUs based on the number of
dominating/dominated DMUs is possible (Tulkens and Vanden Eeckaut (1999)).

Further assumptions are typically necessary for measuring the (cardinal) degree of
inefficiency in terms of the standard taxonomy. The origina DEA models formulated by
Farrell (1957) and Charnes et a. (1978) were based on the maintained assumption that the
production set T satisfies al three additional properties given in Section 2. monotonicity,
convexity, and CRS. This assumption allows us to approximate the production set by the ray-
unbounded convex monotone hull (henceforth RCMH) of the observed production vectors, i.e.

M R R e YI s R R ...
ROMH(X,¥) =} (x,y)T AT?E e 2l ALY,
1 - Xg & N g b

Consistent with the minimum extrapolation principle (see Banker et al. (1984) and Bogetoft
(1994)), RCMH(X,Y) is the minimal set that contains all observations and complies with the
imposed properties. Although RCMH(X,Y) does not impose any parametric structure on
production possibilities, postulating T to be monotonous and convex and to exhibit CRS is
quite restrictive. Nevertheless, for all convex technologies, RCMH(X,Y) is contained in the
congestion and scale adjusted reference set RMH(T) used in the static decomposition.

In the last two decades, a considerable development towards more general properties
has taken place in DEA. Perhaps the most standard DEA reference technology, which relaxes
the assumption of CRS but maintains assumptions of monotonicity and convexity, is the
convex monotone hull (henceforth CMH) (see Afriat (1972), Fére, Grosskopf, and Logan
(1983), and Banker et al. (1984)) defined as

N

3 L . YI . R
CMH(X,Y) =1 (x, )] Aﬂ”’gy %8 24 =117 A
T - Xg - Xl [} b

Obviously, CMH(X,Y)I RCMH(X,Y) " (X,Y). Moreover, for convex T, CMH(X.,Y) is
contained within MH(T). Hence, CMH(X,Y) can be viewed as a proxy for the congestion
adjusted reference set MH(T) in the static taxonomy.

We can proceed by relaxing monotonicity from CMH, which yields the convex hull
(CH) (Charnes et al. (1985)), i.e.

3 o o Y] . o
CHOX,Y) = )T ATHEY 228" Qg g7 AT,
T - Xg - X o b

Now, CH(X,Y) T CMH(X,Y) " (X,Y). Moreover, for convex T, CH(X,Y) is contained in T,

which justifies its use as a reference technology. Unfortunately, the assumption of convex T
is amost void of economic realism. Like noted by McFadden (1978), it is mainly used for its
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analytical convenience. See Guesnerie (1975) and Cherchye et al. (2000), for further
discussion.

In application oriented DEA, empirical redism should outweigh analytical
convenience. Perhaps the most important drawback of this property lies in the fact that
convexity typicaly interferes with the spontaneous efficiency classification. Hence, an
erroneously imposed convexity assumption can have a substantial impact on policy
recommendations. Dramatic effects of the convexity postulate have been reported in
empirical studies. See e.g. Deprins et a. (1984), Tulkens (1993), Dekker and Post (1999), and
Kuosmanen (1999). For example, in the retail banking application reported by Tulkens (1993,
p. 192-197), 74.6% of public bank branches were found efficient assuming monotonicity
only, but only 5.2% of all bank branches remained efficient when both monotonicity and
convexity were imposed. For private bank branches, the same study reports 57.8% average
efficiency without convexity, and 5.5% efficiency with convexity. We do not know which of
these results are more correct, but it obvioudly takes a lot of faith to maintain convexity
hypothesis without any suspicion.

Consequently, an aternative strategy has been considered in the literature, see e.g.
Deprins et a. (1984) and Tulkens (1993). In this approach it is the convexity property that is
relaxed, and monotonicity that is maintained. This gives the so-called Free Disposable Hull
(FDH), which we here dub for sake of uniformity as monotone hull (henceforth MH), i.e.

bt aep@yOo@ o o B
MH(X,Y) =i (x, y)] A? £ e =11'1{0%:j1 .
U CHIERY 2 AV o3 <

A particularly attractive feature of monotonicity is its redundancy in the standard Koopmans
notion of technical efficiency. That is, in contrast to convexity, monotonicity does not
interfere with the efficient, weak efficient, or inefficient subsets (2)-(4).

If T is monotonous, it contains MH(X,Y). Nevertheless, monotonicity of T can be
viewed equally unrealistic as convexity. See e.g. Fare and Svensson (1980) for discussion on
congestion. According to Fare, Grosskopf and Lovell (1983), examples of efficiency losses
due to congestion include traffic congestion in the production of transportation, reduced grain
yield due to excessive fertilization in agriculture, and output losses due to featherbedding and
other union work rules.

From the applied point of view, MH has aso other serious limitations. One frequently
cited shortcoming is that after accounting for potentia radia inefficiency measured by the
Debreu-Farrell measure (1), considerable non-radia dacks typicaly remain (see e.g. De
Borger et a. (1998) for discussion). Secondly, the marginal properties of MH are rather
bizarre: Consider for example the scale elasticity measure that can be defined in terms of the
distance function and its gradient (see e.g. Fare, Gosskopf, and Lovell (1988)) as

_ D: (%, Y)
) D () K0 ) ©

Scale elasticity is an important indicator of returns to scale: increasing, constant or decreasing
returns to scale are said to prevaill when e > 1, e = 1 or e < 1. In case of MH, however,
practicaly useful approximation of scale elasticity cannot be obtained due to the discrete
nature of MH. The same problem equally concerns the elasticities of substitution and
transformation. Thirdly, MH is subject to a considerable small sample error, which raises a
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need for large data sets. Although statistical procedures to deal with the third limitation have
been developed (see e.g. Park et al. (forthcoming), Gijbels et al. (1998), Simar and Wilson
(1998)), at least the first two shortcomings remain.

Finaly, a number of intermediate models that typically intend to weaken the generd
convexity assumption underlying CMH(X,Y) have been presented. In the literature on
nonparametric production analysis, Hanoch and Rothschild (1972) and Varian (1984) have
discussed the possibility of imposing convexity on the input correspondence, which does not
necessarily imply convexity of the production set. In the DEA literature, Petersen (1990),
Bogetoft (1996), Bogetoft et a. (forthcoming), and Post (forthcoming) have further
developed the idea of convex input/output correspondences of a nonconvex production set.
Furthermore, Kerstens and Vanden Eeckaut (1998, 1999) have presented models that impose
monotonicity and CRS, but not convexity.

Consider, for example, a production set that starts from MH and additionally imposes
convexity of input correspondences, i.e.

CIMH (X,Y) ={(x,y)T A%?|xs X1 ;1 iy£liyl "ji S =11 T A7

There are some special occasions where convexity of input correspondence can be a
reasonable and harmless requirement, e.g. when the managerial objective function is linear in
inputs or outputs. See for example Hanoch and Rothschild (1972) or Kuosmanen and Post
(1999a) for discusson on the economic interpretation of CIMH(X)Y) in terms of cost
efficiency. Unfortunately, the general justification of these partially convex models seems
problematic, especially as the analysis of pure technical efficiency is concerned. These
models clearly combine the negative features such as ignorance of congestion and ad hoc
specification of convexity, but the concrete benefits of these alternatives are unclear.

Y e, it has been suggested that convexity of input and/or output correspondences would
be a standard property of technology. Specificaly, Petersen (1990, p. 307) refers to the
microeconomic “law of diminishing marginal rates of substitutions’ that would imply such
property. Also Bogetoft (1996) and Bogetoft et a. (forthcoming) cite this law as the
motivation for their production assumptions. However, to the best of our knowledge, such
law does not exist in economic theory. There are such classic laws of diminishing returns and
variable proportions (see e.g. Schumpeter, 1966), but (as pointed out by both referees) these
laws are related to monotonicity or lack of it (see Fare and Svensson, 1980) rather than
convexity.

To demonstrate the difficulties with a maintained hypothesis of convex input
correspondence, consider the following simple exercise in differential calculus. As noted
above, the production frontier can be represented using the input distance function, i.e.
Dr(x,y) = 1, akin to a production function in an implicit form. For analytical convenience,
assume Dr is twice continuoudly differentiable. The following general expression can be
derived by differentiating the implicit production relation Dt = 1 with respect to inputs i and
j:

o 1D, (x, y) /9,

dx - D, (X, ¥) /1%,

Hb(x.y)=1

(6)



This expression defines the margina rate of substitution between inputs i and j in the
neighborhood of the frontier point (X, y), i.e. the slope of the input isoquant. When (x, y) is
non-congested, the distance function increases in x, and the partial derivatives in (6) are
positive, which gives the usual decreasing input isoquants. Differentiating (6) again with
respect to x; (omitting the arguments (x,y) in Dt) gives

d?x (12D 79% %, ){1D; /9, )- (17D /%2 ) <D, /91x,)
2

dx’ S (‘|12DT 1 Ix? )2

This second derivative reflects the curvature of the isoquant. Convexity of the input isoquant
requires nonnegative second derivative for al x. Clearly, the sign of the nominator is
determinant in this respect.

Now what happens in case of increasing returns if the margina product of input j is
increasing, i.e. 1°D; /x} >0? Consider a noncongested point &y) where the both first-
order partial derivatives are positive. Convexity of the input isoquant is preserved if

D; /9%

Do /% x. 3 ———L9°D, /%°.
17Dy 7111% 1% ﬂDT/‘ﬂxjﬂ w1
In case the marginal product is increasing, the right hand side of this inequality is strictly
positive. The left-hand side of the inequality represents the pure substitution effect in
production, which could be positive or negative depending on the nature of inputs. Inputs i
and j can be called technical complements if 1°D; /x, fix; ® 0, and technica substitutes if

1°D; /X, ix; £0. Clearly, all inputs must be sufficiently complementary in order to
preserve convexity of the input isoquant.

In verbal terms, increasing marginal products can provide substantial incentives for
utilizing scale economies by specialization. In case of substitute inputs, the specialization and
substitution effects are mutually enhancing, which results as a concave input isoquant (non-
convex input correspondence). In case of complementary inputs, however, there is a conflict
between substitution and specialization effects. When convexity of the whole production set
is relaxed, maintaining convexity of the input correspondence requires extreme
complementarity in all inputs that always outweighs any scale effect. This seems a difficult
assumption, as the relative magnitudes of the scale and substitution effects are difficult (if not
impossible) to ascertain apriori.

4. CONDITIONAL CONVEXITY

As sufficiently general empirical production sets apparently cannot be built on the
standard monotonicity and convexity properties, it is worth to consider alternative weaker
technology properties. Since both monotonicity and CRS properties have already been given
an explicit interpretation in terms of the static taxonomy, it seems fruitful to focus on the
remaining convexity property. This section proposes a relaxation of the convexity property,
which we call conditional convexity.
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Definition (General conditional convexity): Let C denote an arbitrary well-defined logical
condition. Production set T is convex conditional upon C, if for all X,Yand | T A" el =1:
(X,Y)T TUCP (XI,YI)ITT.

Clearly, if production set is conve, it is aso conditionally convex for any well-defined C,
but the converse need not be true.

To operationalize the general conditional convexity property, we need to specify the
condition C explicitly. One particularly interesting possibility is to enforce the spontaneous
technical efficiency classification by putting convexity conditional upon its preservation. This
condition is motivated by the argument that the appeal of the frequently imposed
monotonicity property mostly underlies in the similar feature, rather than in its economic
realism. Hence, in this paper we focus on exploring convexity conditional specificaly upon
preservation of efficiency classification. In terms of the above definition, the condition C is
defined as

Definition (Condition C57): XI £ x,Y1 #y " (x, y)I WEffT

Substituting C by Condition CEP in the definition of general conditional convexity gives
the efficiency classification preserving conditional convexity property. For sake of brevity,
we will henceforth refer to this property by the abbreviated term c-convexity. Specifically,
this property states that if no weak efficient production plan is dominated by a convex
combination of feasible production plans contained in the production set, then the convex
combination is feasible.

As noted above, convexity implies c-convexity, but the converse need not be true.
Interestingly, the same holds for monotonicity, as the following proposition demonstrates:

PROPOSITION: If T1 AP* represents a closed, nonempty, monotone production set, then
T is c-convex.

Proof: Let X' and Y' denote input and output matrices of an arbitrary subset of m production
vectors (X';,Y'))1 T"j=1..,m, and let (x(1),y(l)) denote an arbitrary convex
combination x(1)=X'l;y()=Y'l;d =21 T A". The production set T is c-convex if for all
L, y)T WERET: x(1) ¢ x y()#yb (x(1),y(1))T T. By monotonicity of T and the
definition of the weak efficient subset, (X, §)I T is equivdent to
$(x,y)T WEFfT:X<x §>vy. That is, an infeasible production vector necessarily dominates at
least one weak efficient production vector. If this is not true for (x(I ), v( )), it immediately
followsthat (x(1 ), y(1))T T- QE.D.

As c-convexity does not generally imply monotonicity (see e.g. Figure 1), c-convexity
can be viewed by the previous proposition as a more general property of production sets than
monotonicity or convexity.

Now, how could we use c-convexity in DEA? In fact, empirical DEA production sets
can be constructed on c-convexity in asimilar fashion as on standard convexity. Note that the
c-convexity depends on the weak efficient subset of technology. As the theoretical weak
efficient subset is unknown, we resort to its empirical approximation WEff.(X, Y). The
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minimal set containing all DMUs and satisfying c-convexity is the c-convex hull (CCH)
defined as

i A v ¢ )
CCH(X’Y):% (X!y)l Aq+p§y O e _g,el ::Ll I A+'(:EP1'I (7)
T - Xg - X [} b

Imposing monotonicity in addition to c-convexity gives the c-convex monotone hull (CCMH)

2 R R “ I
CCHOX,Y) =} (x )] ATpg_y OEEE 2d =111 A+,CEP§ 6
T b

Finally, imposing CRS in addition to c-convexity and monotonicity yields the ray-unbounded
c-convex monotone hull (RCCMH), i.e.

RCOMHX,Y) =} (x vy A Y & @Y ~a >0d =111 A+,CEF’§ ©)
i g Xg g‘ b

Figure 1 illustrates CCH, CCMH and RCCMH sets in a single input-output case. Black
and white dots represent DMUs, the black ones are weak efficient, the white ones are
inefficient. The dashed line with short gaps represents the boundary of CCH, the solid line
represents the boundary of CCMH, and the straight line with long dash represents the
RCCMH frontier.

y 4 /
,/ RCCMH(X,Y)

CCMH(X,Y)

CCH(X,Y) O -

Figure 1: lllustration of CCH, CCMH and RCCMH sets
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Three points are worth noting: First, both c-convexity and monotonicity preserve
efficiency status of all weak efficient DMUSs, but that feature need not carry over to the CRS
property, like Figure 1 illustrates. Note that preserving efficiency classification under CRS is
unnecessary. Note also that RCCMH differs from the CRS model by Charnes et al. (1978) in
that it need not be convex in input and output spaces. Second, CCH and CCMH production
sets do not restrict returns to scale to behave monotonically as CMH does. From A to C viaB
these technologies exhibit decreasing returns to scale, from C to D increasing returns prevail,
while from D to E again decreasing returns prevail. In CMH there can only be a single
increasing part followed by a decreasing part, which is a strong restriction. Third, CCH set
indicates DMU F could suffer from congestion, which we would overlook by resorting to
MH or other monotone approximations. However, one should take the inherent small sample
error into account before drawing conclusions based on these methods.

Consider properties of these c-convex approximations. Note first that unlike
monotonicity or convexity, c-convexity of T does not guarantee CCH(X,Y) would be
contained within T. It is somewhat unfortunate that the attractive genera character of the c-
convexity property does not fully carry over to finite sample approximations. Still, c-
convexity remains a more general property than convexity even in small samples. Clearly, all
c-convex empirical sets are contained within their corresponding convex counterparts, i.e.
CCH(X,Y) I CH(X,Y), CCMH(X,Y) I CMH(X,Y), and RCCMH(X,Y) i RCMH(X,Y) for all
(X,Y). This further implies that the c-convex approximations yield higher efficiency measures
than their convex counterparts, e.g. DF.,,, (X, y) 3 DR, (X y) for al (x,y). Naturaly, the c-

convex empirical sets coincide with their convex counterparts if no convex combination
interferes with the efficiency classification.

As for monotonicity, CCH need not contain MH. Conversely, MH need not contain
CCH either. Consequently, athough c-convexity is a more general property of theoretica
production sets than monotonicity, this need not be the case in empirical approximations.
Nevertheless, as CCMH is monotonous, it necessarily contains MH. Note that although
monotonicity of T implies conditional convexity, MH need not contain CCMH, as a set of
discrete DMUSs presented by (X,Y) does not satisfy monotonicity. Still, we conjecture that if
MH converges to a true monotone production set T as the sample size increases (see Park et
a. (forthcoming) for sufficient conditions), then so does CCMH. Note that MH and CCMH
coincide if every vertex of the MH frontier represents an observed DMU. The relationship
between MH and CCMH can be further clarified by the fact that MH preserves the efficiency
classification of both the observed DMUs and all non-observed production plans of the input-
output space, whereas CCMH preserves the efficiency classification of the observed DMUs
only.

It should be aready evident that the standard static taxonomy of efficiency is available
for the c-convex production sets along the lines of Section 2. Now how would imposing c-
convexity instead of convexity influence the decomposition? As for structural efficiency,
there is no difference whatsoever. This is simply because the condition CEP cannot influence
the convex combinations of DMUSs lying on the congested or uneconomical part of the
isoquant. That is, the backward bending boundaries of a convex set and a c-convex set are
aways exactly the same. However, for measuring technical and scale inefficiencies, the
convexity assumption can have a dramatic effect. Obvioudly, an erroneously imposed
convexity postulate can only decrease the measured overall "technical" inefficiency (OTE),
i.e. OTE=DF* STR* SCA. Thus, erroneously specified convexity can both underrate overal

efficiency, and distort the decomposition by overvaluing the technical and scale inefficiencies
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relative to the structural component. These effects of convexity should be taken into account
in interpretation of results. The more general c-convexity property could help to remedy some
of the potential specification errors.

Finally, note that it is possible to further relax our assumptions by applying c-convexity
on the input or output isoquants, but not for the whole production set T. Following Bogetoft
(1996), we could assume monotonicity of the production set, and apply c-convexity to inputs
only. However, for sake of brevity we abstract here from these obvious alternative
formulations.

5. EFFICIENCY MEASUREMENT

In this section we show that efficiency measures relative to c-convex production sets
can be computed by Disjunctive Programming (DP). We aso briefly discuss how the optimal
solution to a DP problem can be inferred from optima solutions to a series of Linear
Programming (LP) problems akin to the standard DEA LP formulations.

In principal, CCH is obtained from CH by simply excluding al efficiency classification
violating convex combinations. We can test whether any convex combination violates
efficiency status of a weak efficient DMU | by solving the following Linear Programming
test problem:

Max g
st.(1- g)x’ =X
(1+a)y’ =V (10)
el =1
I TAY
This test problem uses the graph measure by Briec (1997) as an instrument. Let g*,l *

represent the optimal solution to problem (10). g* >0 indicates that the a convex combination
of the reference DMUs h :{iT S{I x> 0} violates the efficiency classification. Consequently,

that combination should be eliminated as infeasible. This elimination can be enforced by
imposing to (10) an additional constraint

LT U =0 (1)

ilh

That is, at least one of the current reference DMUs is excluded from the reference set by
constraining the lambda weight equal to zero.

We can solve the test problem (10) again together with the constraint (11), and
subsequently impose additional constraints until the optimal solution to the test problem
equals zero. Hence, potential non-uniqueness of any reference set h does not matter. This
procedure is repeated for all weak efficient DMUSs. Let hy denote the resulting set of indices
j1 S of DMUs that form an efficiency classification violating combination k, k= 1,....r.
Furthermore, denote the set of efficiency classification violating combinationsby H = {h; , ...
, hy}. Elimination of combinations hi H can be enforced by invoking a so-called disjunctive
constraint (in the conjunctive normal form) written as
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11N U{|||’=o

h(IHe]Ih<

Incorporating this constraint to CH gives CCH an equivaent formulation to (7), i.e.

CCHX,Y) =] (6 y)T AT
)

E?YOE::'YIXIZ =1 ﬂeU{||J:u|T E

hJd H ej| hy

Similarly, we can write CCMH equivalent to (8) as

CCMH(X,Y) :}(x,y)i Aap
1

aeYOEEeY] 9e| =111 ﬂgu{wi:o}gliﬁ\ﬂ
Xg & XN g he H &1 h a

T

Finally, RCCMH can be written equivalent to (9) as

RCCMH(X,Y) = 1(x Il Awgyxz g’ ﬂeU{ I =ds 1A

hJ H &/l hy O b

Computation of the standard efficiency measures relative to CCH, CCMH or RCCMH
involves solving a DP problem for each DMU. For example, the Debreu-Farrell input
measure for DMU | can be computed relative to CCMH as the optimal solution to the
problem

Min q

q,l

st. gx’ 3 X

yl £V (12)
el =

I TAY

- e u

1T el =0k (13)

hd H @i h 0]

The analogous CCH measure is simply obtained by substituting inequalities in (12) by
equalities, while the RCCMH measure is obtained by deleting the constraint e = 1. Note that
increasing (decreasing) returns to scale can be enforced by substituting this constraint by el 3

1 (e £ 1). Also dternative orientations or non-radial gauges can be computed relative to
RCCMH, CCMH or CCH in a straightforward fashion.

Optimization theory knows a number of alternative finitely converging agorithms for
solving Linear Programming problems with digunctive constraints. See e.g. Sherali and
Shetty (1980) for details. Let us suffice here to point some brief remarks on a basic relaxation
principle. Note first that relaxing the digunctive constraint (13) yields an ordinary DEA LP
problem (12). The digunctive constraint can be viewed to represent aternative sets of
constraints, of which at least one must be satisfied. These constraints preserve the linear
structure, enforcing lambda weights of the particular subsets of DMUSs equal to zero. In fact,



this is equivalent to excluding the corresponding subsets from the data matrices X and Y.
These alternative data sets span a number of convex sets in the input-output space, which
could be viewed as some kind of sub-technologies. For example, the CCMH set of Figure 1
can be presented as a union of three CMHs spanned by subsets (A,B), (B,C), and (C,D,E)
respectively. A straightforward, abeit computationally hard way is simply to compute
efficiency measures relative to al alternative sub-technologies i.e. by solving a relaxed
version of LP problem (12). All these sub-technologies are feasible, so the minimum of the
resulting optimal solutions is the optimal solution to the DP problem (12) with constraint
(13). As a conclusion, the optimal solution to the DP problem can be inferred from optimal
solutions to a series of LP problems.

The explicit characterization of c-convex technologies can be convenient for many
‘predictive’ purposes of DEA. However, it aso entails a substantial computational burden.
Computationally superior algorithms could be developed if we ignore the explicit
characterization, and focus on solving efficiency measures as usua in DEA (see Kuosmanen
(1999) for some heuristics). While this indeed seems an interesting avenue to explore further,
we will abstract from this issue in the current paper and leave it for future research.

As for recovering shadow prices or approximating the elagticities of the frontier, c-
convex reference sets provide equally fit frameworks as their convex counterparts, athough
the results can differ considerably. For smplicity, we have only considered the envel opment
side (primal) problems here, but it is trivial to infer the optimal multiplier (dual) weights
using the information of the optimal | vector, i.e. find the minima dimensional hyperplane
that supports all reference DMUs and the projected reference point of the evaluated DMU. In
practice, one can solve the multiplier (dual) DEA formulation relative to the optimal
reference set. Alternatively, it is possible to use the multiplier formulation throughout instead
of (12), by modifying the data matrices instead of imposing restrictions on lambda weights,
recalling that restricting a lambda weight equal to zero corresponds to excluding the
corresponding DMU from the data. The multiplier weights can be used for example for
computing elasticity of scale (5), or for inferring the qualitative (local) returns to scale
properties. Moreover, the multiplier weights can be given a shadow price interpretation,
which can be motivated by price endogeneity or uncertainty (see Kuosmanen and Post
(1999Db) for further discussion). Although recovering shadow prices is one promising by-
product of the proposed model, its specific treatment falls beyond the scope of this paper, and
so we leave it aso for future research.

6. ILLUSTRATIVE EXAMPLE

We illustrate the practice of efficiency measurement relative to the c-convex reference
sets by a ssmple example. For sake of brevity we focus on the CCMH set solely. For a more
extensive application of the approach to a real-world data of 194 Finnish pesis batters (a
game akin to baseball) with a single-input-three-output technology, see Kuosmanen (1999).

Consider the single-input single-output data of 5 DMUs given in Table 1, and
illustrated by Figure 2. It is easy to see that DMUs #1, #2, #3, and #4 are efficient, and hence
also weak efficient. The only inefficient one is the DMU #5. Now what would be the degree
of inefficiency of this unit? In terms of the Debreu-Farrell input measure, MH efficiency
amounts to 81.8%, while CMH efficiency is only 45.5%. Clearly, the convexity assumption
makes a big difference. Also DMUs #2 and #3 would appear inefficient if convexity were
imposed. Let us now compute efficiency measure of DMU #5 for the CCMH moddl.
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Table 1. Example data set

DMU1 |DMUZ2 [ DMU3 | DMU4 | DMU 5
X 2 6 9 11 11
Y 2 3 6 11 5
y 12 -
11 ~
10 DMU4
9_
8_
7 CMH(X,Y) DMU3
6_
S 1 MH(X,Y) ¢ DMU5
4_
3_
5 DMU2
1. DMU1
0 . —T— — T —T—
01 2 3 45 6 7 8 9 10 11 12

X

Figure 2: CMH and MH frontiers in the example data set

We start by characterizing the feasible convex subsets as explained in the previous
section. We solve the test problem (10) for all efficient DMUs, excluding the ineficient DMU
#5 from the reference data. For DMU |, j =1,2,3,4, the test problem reads:

Problem 6.1
Max q
q,l
st. (1-q)x;% 2, +6l ,+9 ;+11 ,
(1+q)y, £21, +3l, +6l , +11 ,
[+, +1,+1,=1
[, 0,,051,30

For DMUs #1 and #4 the optimal solution to this problem is q =0. For DMUs #2 and
#3 the optimal solutions arez DMU #2:.q =1/3; | :(V,0,0,%); DMU #3. q =1/5

- (37 8 inati
I —( AS,O,O, AS) . As for these two DMUs q >0, the convex combination of DMUs #1

and #4, which have lambda weights greater than zero in both solutions, must be eliminated by
constraining I , =0 or | , =0.
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We proceed by solving two new problems with restriction | , =0 imposed in Problem
6.2, and restriction | , =0 imposed in Problem 6.3. For DMU j, j = 23, the two test
problems read:

Problem 6.2
Max q
ql
st. (1-g)x;% 2, +6l ,+9 ,+11 ,
(1+q)y; £2, +3l, +6l ; +11 ,
[+, +1,+1,=1
[, 0,,051,30

l,=0
Problem 6.3
N a
st. 1-q)x;% 2, +6l ,+9 ,+11 ,
(1+q)y, £2l, +3l, +6l ; +11 ,
I+, +l,+1,=1
I, ,,05,1,30
l,=0

The optimal solutions are the following. Problem 6.2: DMU #2: q =0; DMU #3:

q €00882; | =(0.57,0,4% ) Problem 6.3: DMU #2: q =12117; | =(%,.0.8{,.0)

DMU #3: q =0. Elimination of the infeasible convex combinations is carried out by the
following restrictions: | ;,I , =0orl,l1,=0o0r1,,1,=0.

We proceed by formulating and solving the following three new problems
corresponding to the three restrictions above:

Problem 6.4
Max q
ql
st. (1- q)xj 32,+6l ,+9,+11 ,
(1+q)yj £21,+3,+6l ;+11 ,
[+, +1,+1,=1
[, 0,,051,30
[,,1,=0



Problem 6.5
Max q
q,l
st. (1- q)xj $2,+6l ,+9,+11 ,
(1+q)yj £21,+3,+6l ;+11 ,
[+, +l,+],=1
[, 0,,05,0,30
l[,,1,=0

Problem 6.6
Max g
st. (1-q)x;% 2, +6l ,+9 ,+11 ,
(1+q)y, £21, +3l, +6l ;+11 ,
[+, +1,+1,=1
[, 0,,05,1,30
l,,1,=0

The optimal solutions to Problems 6.4 - 6.6 for DMUs #1 - #4 are al less than or equal to
zero. Hence, the reference sets of Problems 6.4 — 6.6 characterize three convex monotone
hulls that form CCMH as their union. Figure 3 illustrates the so-found convex sets. In that
figure, CMH 1 corresponds to Problem 6.4, CMH 2 corresponds to Problem 6.5, and CMH 3
corresponds to Problem 6.6.

y 12 q
11 A N
10 - !

-
-
——
e

0 1 2 3 4 5 6 7 8 9 10 11 12

X

Figure 3: CCMH as the union on three convex subsets



Next, we can compute efficiency measures for inefficient units, say DMU #5, by
solving the Debreu-Farrell measures relative to CMH 1, CMH 2 and CMH 3 respectively,
and consequently selecting the minimum of the feasible optimal solutions. For example, the
efficiency score relative to CMH 1 can be solved as the optimal solution to the LP problem:

Problem 6.7
Min q
q.l
st.gx;3 21, +6l ,+9 ; +11 ,
y; £21,+3 ,+6l ; +11 ,
[+, +1,+1,=1
[, 0,051,330
l[,,1,=0

Note that Problem 6.7 differs from Problem 6.4 only in that we have modified the
objective function and the first two constraints so as to compute the Debreu-Farrell measure
instead of the Briec graph measure. The corresponding DEA problems for computing
Debreu-Farrell measures relative to CMH 2and CMH 3 are modified accordingly from
Problems 6.5 and 6.6 respectively, and are omitted here as obvious. For DMU #5, the optimal

solutionsare: CMH 1: g =9/11; | =(0010) ; CMH 2: q =#/1%; | =(0.24.240): cMH 3

infeasible. The Debreu-Farrell efficiency measure for DMU #5 is then Min(9/11, 8/11) =
8/11. Like expected, this measure falls between the corresponding CMH (5/11) and MH
(9/11) scores.

We solved the total of 17 LP problems (Problem 6.1 for 4 DMUs, Problems 6.2 and 6.3
for 2 DMUSs, Problems 6.4 - 6.6 for 2 DMUSs, and finally 3 LPs akin to Problem 6.7 for a
single DMU). This smal example gives a somewhat discouraging impresson of the
computational burden associated with the approach. Note that most of the computational cost
was associated with characterizing the sub-technologies, i.e. CMHs 1, 2, and 3. Once this has
been done, computing efficiency scores for inefficient units has the margina cost of 3 LPs
only. Finaly, this ssimple and straightforward relaxation strategy is not necessarily the most
efficient algorithm for computing efficiency scores. If it is unnecessary to explicitly
characterize the sub-technologies, an iterative branch and bound type of approach could
reduce computational cost considerably. However, as noted in the previous section, the
development of efficient computation codes is left for future research

7. CONCLUDING REMARKS

We proposed to relax the standard convexity property by invoking additional
qualifications or conditions for feasibility of convex combinations. We especially focused on
a condition that preserves the spontaneous Koopmans efficiency classification. We
abbreviated the efficiency classification preserving conditional convexity as c-convexity. As
both monotonicity and convexity imply c-convexity, but the converse does not generally
hold, c-convexity can be viewed as the most genera property of these three.
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Substituting convexity by c-convexity, we constructed empirical DEA production sets
as the smallest polyhedrons containing all DMUSs, consistent with the imposed production
assumptions. These c-convex production sets combine the attractive marginal properties of
convex DEA technologies, allowing eg. the measurement of scale easticity, with
preservation of the efficiency classification thus far only associated with the extremely non-
convex MH model. Unfortunately, the general theoretical character of the c-convexity
property does not fully carry over to empirical DEA approximations. Still, c-convexity
provides a more general approximation than standard convexity even in small samples.

The distinct feature of the DEA formulations based on c-convexity is the digunctive
constraint that eliminates the infeasible, efficiency classification violating convex
combinations. Consequently, solving the DEA model generally involves Digunctive
Programming. We briefly outlined a relaxation strategy for inferring the optimal solution
from optimal solutions to a series of ordinary Linear Programming problems, using the fact
that CCMH can be viewed as a union of convex monotone hulls of subsets of DMUs. This
approach provides an explicit characterization of the production set, but is often
computationally heavy. Development of a more efficient algorithm tailored for DEA provides
an interesting challenge for future research.

Another promising avenue for the future research is to try to give the shadow prices of
the c-convex frontiers a rigorous economic meaning. Price endogeneity and uncertainty,
which have been almost ignored in this literature so far, provide a possible source of
motivation for such an investigation.

We illustrated the computational formula by a simple single-input single-output
example with 5 DMUs. Although the computational burden associated with this model is
considerably higher than in the basic DEA models, the solutions are still obtained by a finite
number of Linear Programming problems. We are quite convinced that the computational
capacity currently available to researchers suffices to compute the proposed model even in
relatively large-scale problems. It is also generally expected that the computational capacity
can rapidly improve in the future. Therefore, development of models based on less restrictive
maintained hypotheses appear affordable if the additional computational burden constitutes
the only cost.
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1. Introduction

The treatment of congestion within the DEA framework has received considerable
attention in the recent literature, see e.g. Cooper, Seiford and Zhu (2000a,b) and Fare and
Grosskopf (2000). Cooper, Gu, and Li [this issug], claim that the standard procedure to deal
with congestion in DEA by Fare, Grosskopf, and Lovell (1985), henceforth FGL, can i) fall
to identify congestion when it is present, and ii) identify congestion when it is not present.
Cooper et al. therefore advocate an aternative Cooper, Thompson, and Thrall (1996)
procedure (hereafter CTT), extended by Brockett, Cooper, Shin and Wang (1998), which
according to these authors does not suffer from similar problems.

We have two main objections against the reasoning by Cooper et al.. First, these
authors use the FGL procedure for a purpose -detecting congestion- for which the procedure
was not originally intended. In addition, Cooper et al. apply FGL to technologies for which it
was never intended. Second, even if we adhere to the purpose and the technologies used by
Cooper et al., it is logicaly incorrect to conclude from one or two examples that CTT works
better. FGL indeed fails to detect congestion for the two example technologies, and CTT
indeed succeeds for these technologies. However, smple counterexamples demonstrate CTT

* Thisrejoinder was proposed by Professor Jyrki Wallenius to whom we are grateful. We develop and elaborate
the argumentation initiated in the two referee reports by the second author.

© Elsevier Science, All rights reserved.
Reprinted with the permission of Elsevier Science
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can fail for the purpose of detecting congestion as well. Before presenting the
counterexamples, brief clarifications of the notion of congestion and the related concepts of
structural efficiency and free disposability are in order.

2. Definition of Congestion

The key to the debate concerning treatment of congestion in DEA lies in the meaning
and definition of congestion. The notion of input congestion originates from Fare and
Svensson (1980), who motivated their concept by referring to Turgot's classic 'law of variable
proportions, also known as 'law of diminishing returns. See e.g. Brue (1993) for a historical
review of this classic economic concept, and Fare (1980) for an elaborate formal treatment.
Cooper et al. criticize the FGL model for adhering to this 'law’, but they do not present any
arguments to back up their negative position. Moreover, it seems that these authors somewhat
confuse the intuitive meaning underlying this 'law'. Therefore, some conceptual clarification
isin order.

The 'law of diminishing returns is generally known as a stylized fact, which states
that if asingle input is increased while other inputs are held constant, the marginal product of
the variable input diminishes. In other words, product mix diseconomies are expected to
emerge due to unbalanced input proportions. In everyday English language, congestion
generally means overcrowding, or more specifically, concentration of some material objects
in a smal or narrow space. It should be noted that in the classic treatments of the law of
diminishing returns (e.g. Turgot, Ricardo, Malthus), the space (i.e. the cultivated land area) is
viewed as an essential production factor, which represents the fixed input factor on which a
variable input (e.g. labor) congests. For a modern illustration, consider the following stylized
example from transportation industry. Suppose we use two inputs, vehicles and road-network,
to produce hauling service. Traffic congestion typically occurs when we increase the number
of vehicles (input 1) in a fixed road network (input 2). As traffic increases, an additional
vehicle produces only a marginal transportation output, like the law of variable proportions
suggests. In colloquia language we typically use traffic congestion to describe a situation
where the marginal transportation output of an additional car is substantially decreased due to
interference with other units of the same input (vehicles). In this sense, the law of
diminishing returns and congestion are intimately related, as discussed in Fare and Svensson
(1980).

However, we would make a clear distinction between the everyday meaning of
congestion, and the congestion property currently debated in the DEA literature. Cooper et al.
refer to the following definition of congestion adopted from Féare et al. (1985), using

L(y) :{x|input xT A' can produce output y1 AT} for the input correspondence:

Definition 1: The production technology is input congested if for somey 3 Oand x1 L(y),
thereexistsan x' 3 x suchthat xT L(qy),0£q <1, xT L(y).

Interestingly, this definition differs from the original definitions given in Fare and
Svensson (1980) in three respects. In Definition 1, congestion is a qualitative property
associated with the production technology, while Fére and Svensson (1980) associated
congestion with the input vector that is congested. In Definition 1, congestion can be a
property associated with a technology even if al observed DMUs (Decision Making Units)
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would produce in the congestion-free region of the production set. The second difference is
that Fare and Svensson phrased their definition in terms of (single-input) production
functions while Definition 1 uses input correspondence. Finally, Fare and Svensson explicitly
distinguish between three degrees of congestion, i.e. output-limitational congestion,
monotone output-limitational congestion, and output-prohibitive congestion. These more
specific terms already suggest that Fare and Svensson, followed by Fére et al., are not talking
about congestion in the everyday sense of the word. Rather, they are interested in particularly
severe forms of congestion that can limit or completely prohibit production. Note that product
mix diseconomies suggested by the law of variable proportions do not yet imply input
congestion in the sense of Definition 1. Specifically, this law only suggests that the marginal
product of input becomes small, but not necessarily negative (as required in Definition 1).

The relationship between congestion and scale diseconomies is also interesting. The
law of variable proportions does not say anything about what should happen in case al
outputs are simultaneously augmented, maintaining the original proportions. Return to our
stylized transportation example. If both the number of vehicles and the road-network capacity
are increased proportionately so that the car-density remains constant, traffic congestion
should not emerge. However, it is still possible that marginal transportation output decreases
or even becomes negative, but for a different reason such as 'manageria’ difficulties due to
increased complexity of the road-network. In standard microeconomic reasoning, output
losses caused by an equiproportionate scale expansion would not be associated with the law
of diminishing returns, congestion, or product mix diseconomies. Rather, such losses would
be associated with scale diseconomies.

It is important to note that Definition 1 can associate congestion both with product
mix diseconomies and scale diseconomies. Still, it appears that Fare et al. are thinking of
congestion primarily as a serious form of product mix diseconomies. Note that the
assumption of weak disposability of inputs'’ which Fare et al. (1985) explicitly introduce and
maintain throughout their analysis, suffices to eliminate the effects of severe scale
diseconomies and hence focuses attention on the product mix diseconomies in the spirit of the
classical authors. Therefore, the assumption of weak disposability is an integral part of the
congestion analysis by Fare et al. (1985), like Fare and Grosskopf (2000) also emphasize. By
contrast, Cooper et al. seem to have the scale diseconomies in mind since they explicitly
criticize the law of variable proportions and the weak disposability assumption. In our
opinion, both product mix and scale perspectives are interesting. However, Definition 1 is a
potential source of confusion because it doesn't distinguish between the two.

3. Congestion versus Structural Efficiency

Recall that Definition 1 to which Cooper et al. refer describes congestion as a
qualitative property of technology. This definition does not suggest any quantitative measure
such asthe * amount of congestion” or “ congesting amount” that Cooper et al. associate with
DMUs. As these concepts are not properly defined, our first objection against the comparison
presented by Cooper et al. is that the ultimate purpose of the CTT procedure is not clearly
stated. From the treatment of the examples, we infer that the purpose is to detect whether or
not the technology is congested.

7 I nputs are weakly disposableiff xI L(y) =>qx 1 L(y) foral q >1,yl A™ .
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Interestingly, detecting occurrence of congestion was not the origina purpose of the
FGL procedure. Rather, that procedure was intended for measuring structural efficiency as a
component of overal efficiency. Specifically, structural efficiency (STR) is defined as:

1 STR(X,y) = D (X, ¥)/ Deppy (X Y).

In this expression, D, (X, y) = Inf {q|qu L(y)} denotes the Debreu-Farrell input measure -or

aternatively interpreted, the inverse of Shephard's input distance function- relative to L, and
FDHL denotes the free disposable hull of L, i.e. the smallest set that contains L(y) and
satisfies free (=strong) disposability of inputs.*®

Fare et al. presented this concept of structural efficiency to extend the well-known
Farrell (1957) decomposition of overall efficiency (Fére et al. (1983, 1985: chapters 3, 8 and
9)). Specifically, they used the following decomposition:

(2) OE=FTE* STR* SCA* AE,

where OE = Overall Efficiency, FTE = Farrel (“pure’) Technica Efficiency, STR =
Structural Efficiency, SCA = Scale Efficiency, and AE = Allocative Efficiency. See Fére et al.
(1985, pp. 187-191) for further details.

Fare et al. presented DEA models for approximating overal efficiency and its
different components. Specifically, the FGL model for approximating structural efficiency is
the model that Cooper et al. criticize for failure to identify congestion (see Cooper et al.,
model (3)). However, it is clear from the Fare et al. (1985, chapter 3) that the original
purpose of the STR measure did not include identifying whether or not congestion occursin a
particular technology. Rather, Fére et al. were interested in assessing the extent to which
congestion affectsa DMU’s overall inefficiency.

Cooper et al. have apparently confused the notions of congestion and structural
efficiency, which explains some of their negative conclusons. The two examples do not
provide any evidence that the FGL model would fail to measure what it is proposed to
measure, viz. structural efficiency. For example, the pyramid shaped production set in the
second example is indeed congested according to the definition given by Fare et al. (consider
e.g. DMU G = (7.5,7.5) that uses higher amounts of both input than DMU R = (5,5) but
cannot produce the output of R, i.e. 10). Still, G is structuraly efficient because congestion
does not affect its Farrell efficiency (i.e. the radia input contraction).

Of course, the second example does show that FGL can fal for the purpose of
detecting congestion. This failure occurs because FGL restricts attention to the observed
DMUs and the Farrell efficiency measure (which suffices for measuring structural
efficiency). However, as discussed above, FGL was not originally intended for the purpose of
detecting congestion. One could equally well argue that CTT fails to measure structural
efficiency.

18 Inputs are freely disposable iff L(y)=L(y)+A' foral yl AT .Itisimportant to distinguish free (or

strong) disposability fromweak disposability (see Footnote 16). FGL examines congestion by dropping the
strong disposability assumption, but it still maintains weak disposability.
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4. Congestion versus Free Disposability

FGL assesses the influence of the free disposability assumption on efficiency. If the
assumptions that Fére et al. impose on the technology are satisfied, lack of free disposability
of inputs is equivalent to input congestion (see Fare et al. (1985, pp. 68), and Fare and
Grosskopf (1983) for a forma proof). This implies that FGL cannot find structurally
inefficient DMUs (detect congestion) if the technology is not congested.

Still, Cooper et al. claim that this failure can occur, and use their first example as
proof for this clam. In that example, the production set is assumed to take a form of a
plateau. Clearly, congestion does not occur simply because output cannot increase or
decrease by any feasible input adjustments. Still, FGL does classify DMUs 6 and 7 as
structurally inefficient, which seems to wrongly suggest congestion. Hence, the Cooper et al.
clam seems correct for this technology. However, Cooper et al. forgot to mention that a
plateau technology does not satisfy the FGL technology assumptions!

Specifically, Fare et al. (1985, pp. 23) assumethat L(0)=A' . We might call this the
'idling assumption’, since it essentially says that any combination of nonnegative inputs can
be held idle. If the technology does not satisfy this assumption, then lack of free input
disposability and congestion (in the sense of Definition 1) no longer are equivalent.
Specificaly, lack of free input disposability becomes a necessary but not sufficient condition
for congestion. Hence, FGL may detect lack of disposability for non-congested technologies.
This is exactly what happens in the first example, where the plateau technology

violatesL(0) = A! .

It should be obvious that any DEA model (including both FGL and CTT) can fail for
a technology that does not satisfy the maintained production assumption. Apart from the
idling assumption, also other frequently imposed postulates including envelopment of the
observed DMUSs and convexity provide potential sources of specification error. It therefore
seems more meaningful to compare aternative DEA models on the level of the assumptions
they impose on the technology. Unfortunately, this is difficult in this particular case because
the exact assumptions underlying the CTT model are unclear. Of course, we can discuss
about the validity of the idling assumption in specific applications. However, Cooper et al. do
not discuss validity of the FGL assumptions, but rather ignore them completely.

5. Counterexamples

Even if we adhere to the purpose of detecting congestion, it is not correct to claim that
CTT works better than FGL. Cooper et al. correctly show that FGL identifies congestion
while it is not present in the first example, and that FGL fails to identify congestion while it is
present in the second example, even though both examples violate the FGL assumptions.
However, it is logically incorrect to conclude from these two examples that CTT is fit for
detecting congestion, or that it is better than the FGL procedure. In fact, two simple
counterexamples suffice to show that CTT can fail in cases in which the FGL procedure
succeeds.

To demonstrate this, consider the first example Cooper et al. adopted from Fére et al.
(1985, pp. 76-77). Let the input correspondence L (2) be the plateau assumed by Cooper et al.,
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but following FGL assume further that L(0) = A" . Clearly, the output of DMU 7 decreases

from 2 to O, if input 1 is even dightly increased. Hence, congestion occurs according to
Definition 1. The FGL structura efficiency measure correctly identifies that DMU 7
produces at the backward bending (congested) part of the frontier, whereas the slack based
CTT measure fails to identify congestion under these assumptions.

In the second example adopted from Brockett et al. (1998) we might augment the
pyramid shaped production set by further assuming either weak disposability of inputs, or

constant returns to scale (i.e. xI L(y) = ox T L(qy) for al g >0,yl A™). Note that the

original FGL model imposes both assumptions. Under these aternative assumptions, DMU G
does not lie on the congested part of the frontier but rather in the interior of the production
set, as the FGL structural efficiency measure correctly suggests. See Fig. 1 in Fare and
Grosskopf (2000) for illustration. By contrast, the dack based CTT measure spuriously
identifies G congested when this is not the case (congestion still occurs elsewhere but DMU
G does not produce on the congested part of the frontier). These remarks should suffice to
show that congestion diagnoses essentially depend on what assumptions we are willing to
impose on the production technology.

6. Conclusions

The FGL procedure fails to identify congestion in the Cooper et al. examples.
However, FGL was originaly proposed for measuring structural efficiency rather than
detecting congestion. In addition, the example technologies do not satisfy the basic
assumptions underlying FGL. In this respect, the critique by Cooper et al. is somewhat
misplaced. Still, it would be interesting to develop a procedure for detecting congestion for a
broad class of technologies. Unfortunately, we cannot conclude from the Cooper et al.
examples that CTT is fit for that purpose, or that it is better than FGL. In fact, smple
counterexamples show that CTT can fail in cases in which FGL succeeds. We therefore call
for a more systematic treatment of this issue. A first step into that direction would be to
formalize the purpose of CTT and its underlying assumptions.

A point that has been ignored so far is the effect of sampling error in two-stage DEA
models such as FGL and BTT. In practical applications, the production set is estimated from
a finite sample of empirical data. Finite samples generaly do not contain sufficient
observations to fully represent the production possibilities. It is well known that DEA models
which build on more relaxed sets of postulates are generally exposed to greater small sample
error. For example, the stage one of the FGL model (see Cooper et al., Formula 1) that
imposes weak disposability cannot yield a smaller efficiency score than the stage two of the
FGL mode (Cooper et al., Formula 3) that builds on free disposability. As such, differences
between efficiency scores in the two stages of the FGL model (or dack vaues in the two
stages of CTT) can be due to congestion, but also to the weaker discriminatory power of the
stage one model, which arises from the small sample error. Consequently, these DEA models
as such cannot provide empirical evidence of occurrence of congestion in a finite sample of
DMUs.

In addition, empirical data are aimost always contaminated by errors-in-variables. For
example, much empirical research uses accounting data that can give a flawed representation
of the underlying economic values, e.g. because of debatable valuation and depreciation
schemes. In case of sampling error and errors-in-variables, structuraly inefficient

56



observations do not generaly constitute convincing evidence of occurrence of congestion.
Therefore, future research attention should be directed at integrating the measures for
structural efficiency and the tests for congestion with the rapidly growing DEA literature on
dealing with sampling error (see e.g. Grosskopf (1996) for a survey, and Simar and Wilson
(2000) for recent advances on that area) and errors-in-variables (see Post (1999, Section 4.2)
for asurvey).
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1. Introduction

In a recent issue of the Journal of Productivity Analysis, Thrall (1999) called for
abandoning the Free Disposable Hull (FDH, Deprins et al., 1984) approximation of
production possibilities as economically meaningless in comparison to the Convex Monotone
Hull (CMH; Banker et a., 1984) approximation. This strong conclusion was solely based on
Thrall's Principal Theorem, which essentially demonstrates that FDH can give a technically
efficient classification to output-input vectors that are inefficient in terms of profit
maximisation, i.e. a al non-negative price vectors there exists an aternative output-input
vector that yields higher profit. In this short communication, we argue that the economic
meaning of the competing empirical production sets cannot be inferred from this theorem.
Specifically, we demonstrate that both empirical production sets are economically equally
meaningful under the economic conditions that underlie Thrall's theorem. In addition, we
demonstrate that FDH can be economically more meaningful than CMH under non-trivial
alternative economic conditions.

* Wethank C.A. Knox Lovell for helpful comments.

© Kluwer Academic Publishers, All rights reserved.
Reprinted with the permission of Kluwer Academic Publishers
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2. Technical efficiency versus profit efficiency

FDH relies on the sole assumption that production possibilities satisfy free
disposability. The key difference between FDH and CMH is that CMH imposes the
additional assumption that production possibilities are convex'. Free disposability is a
generally accepted assumption in production economics. Fare and Grosskopf (1983) show
that imposing free disposability in fact implies a congestion-adjusted approximation. Note
that this congestion adjustment is harmless as far as the usua (Pareto-Koopmans or Debreu-
Farrell) notions of technical efficiency are concerned. By contrast, to the best of our
knowledge, there appear to be no valid theoretical arguments for assuming a priori that
production possibilities are truly convex (see also McFadden, 1978, pp. 8-10). In addition,
various empirical studies of non-trivial industries suggest violations of the convexity
hypothesis (see e.g. Hasenkamp, 1976; Kuosmanen, 1999; Dekker and Post, 1999).
Therefore, FDH seems to have a comparative advantage for analysing technical efficiency.

Ironically, Thral’s negative conclusion towards FDH originates from confusing
technical and economic efficiency criteria. Thrall considered the evaluation of efficiency in
terms of profit maximisation at given prices, but he used the Pareto-Koopmans notion of
technical efficiency as the only efficiency criterion. Theoretically, technical efficiency is a
necessary but generally not a sufficient condition for overall economic efficiency (Farrell,
1957). Therefore, FDH technical efficiency cannot guarantee profit maximisation, as Thrall
correctly points out, but it should be added that CMH technical efficiency does not guarantee
it either.

When an appropriate efficiency criterion that complies with the assumed profit
maximisation objective is adopted (i.e. profit efficiency, as originally proposed by Nerlove,
1965)?, both approximations appear equally meaningful. The Nerlovian profit efficiency
criterion compares the obtained profit level to the highest profit level attainable given
technology and output and input prices. an output-input combination is labelled efficient if,
for given prices, no higher profit level is shown to be attainable. A standard result in
production analysis is that production sets can be ‘monotonised’ and ‘convexified” without
harm for the purpose of measuring profit efficiency, because monotonisation and
convexification do not interfere with the maximum profit level (see e.g. Varian, 1984). In
fact, from production economics we know that cost, revenue and profit functions associated
with a particular technology equal those corresponding to its appropriately convexified
counterpart, a point which is nicely illustrated by Diewert (1982; p. 538-540). We conclude
that maximum profit levels associated with the FDH and CMH approximations are identical.
Therefore, we do not see any reason to discriminate between the two approximations as
regards economic efficiency.

3. Endogenous prices and price uncertainty

The equivalence result mentioned at the end of the previous section only applies to
Nerlovian profit efficiency in Farrell's framework, which is economicaly relevant if
producers take exogenoudly fixed prices as given. That is a valid assumption under economic
conditions of perfect competition or price rationing under perfect certainty. In real-life
industries, however, these conditions are mostly not satisfied even by approximatior?. In
many cases, prices and quantities of inputs and outputs are mutually dependent and the price-
taking assumption is no longer valid. Also, decision-makers frequently face uncertainty about
ex post prices when ex ante allocating resources and producing output (McCall, 1967
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Sandmo, 1971). In these instances, the economic justification of convexification breaks
down, and FDH generally becomes economically more meaningful than CMH.

Firgt, if input and output prices vary with quantities demanded or supplied, the
evauated firm can in general not be compared with a convex combination of firms with a
different output-input structure, which are confronted with different output and input prices.
Indeed, firms of which convex combinations dominate the evaluated firm may actually be
associated with strictly lower profit levels. This point can be illustrated using the example
considered by Thrall (1999). That example involved three firms producing two outputs, y:
and y», from a single input x. The observed vectors ( y;, y,, x) are (1, 10, 1), (2,2,1) and (10,1,
1). The output-input vector (2,2,1) is FDH efficient, as it is not dominated by any of the two
other observations, but CMH inefficient, because convex combinations of (1, 10, 1) and
(10,1, 1) do dominate it. However, this does not necessarily imply that (2,2,1) is not profit-
maximising. Consider, for example, the following linear inverse demand functions for the
two outputs (with p; the price of y; (i=1,2)): p1=10—y1 + Y2V5; =10 — y» + Y2 y;. The output
bundle (2,2) is associated with revenue of 36, while output bundles (1,10) and (10,1) both
yield revenue of 19 only. Since al three firms use the same input amount, the profit
associated with (2,2,1) is necessarily higher than that corresponding to (1,10,1) and (10,1,1).
Hence, the output-input vector (2,2,1) cannot be demonstrated to be economically inefficient.
While the argument for convexification breaks down if prices are endogenous, free
disposability can be maintained without harm in the economically meaningful region where
marginal costs of inputs and marginal revenues of outputs are nonnegative.

Second, convexification requires that producers have perfect information about input
and output prices when fixing their production plans. When prices are uncertain, however, it
can be unfair and misleading to measure economic efficiency at the ex post prices. Rather,
profit realisations at all possible ex post price scenarios have to be taken into account. FDH is
economically appealing under uncertainty due to the fact that for every interior point there
exists an actually observed point that yields higher profit at all possible (non-negative) price
vectors. This has a natural interpretation in terms of first-order stochastic dominance, a well-
known decision criterion for choice under uncertainty. In particular, under FDH the profit
distribution of an interior point is always stochastically dominated by that of an actually
observed point (see Kuosmanen and Post, 1999, for a more elaborate discussion). This needs
not be the case with CMH. Although for each interior point there exists at every single price
vector an observed DMU that yields higher profit, CMH reference units need not yield higher
profits at all price vectors. Hence, CMH does not have the same stochastic dominance
interpretation as FDH.

4. The interpretation of substitution rates

A fina point concerns Thrall’s clam that CMH efficiency analysis provides the
researcher with additional information on the terms of substitution. We do not believe this
provides a valid argument in favour of CMH and against FDH. Firstly, one has to distinguish
between the (supply-side) technical substitution properties on the one hand and the (demand-
side) preference-related substitution effects on the other. In contrast to Thrall’s claims, CMH
can only approximate the former type of substitution rates, and only so for a truly convex
production set. Secondly, although FDH does not directly provide estimates of the technical
substitution properties, it may be complemented by various nonparametric or parametric
approaches (see Kuosmanen (1999) for a detailed discussion and references). For example,
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Thiry and Tulkens (1992) used a two-stage technique that first filters out FDH inefficient
DMUs and subsequently estimates the frontier using parametric regression techniques.

5. Conclusions

We pointed out that FDH remains an economically meaningful empirical production
set. Specifically, we showed that Thral’s main argument against FDH, concerning the
potential disparity between technical and profit efficiency classifications, builds on an
inappropriate efficiency criterion. We subsequently demonstrated that FDH and CMH
approximations actually lead to exactly the same profit efficiency results when a suitable
criterion is applied. In addition, we discussed non-trivial economic conditions (imperfect
competition and price uncertainty) under which FDH may even become economically more
meaningful than CMH. We want to underline that there are no a priori economic grounds to
believe that the true production set is convex. Therefore, FDH has a comparative advantage
over CMH as regards technical efficiency analysis and the related decomposition of
economic efficiency into allocative and technical components.

Nevertheless, some non-economic arguments in favour of CMH can be
acknowledged. Firstly, ssimple linear programming techniques can compute e.g. Farrell
(1957) technical efficiency measures relative to CMH (see Banker et a., 1984). However, we
would add that FDH Farrell estimates are equally ssimply obtained from integer programming,
which is no problem to modern-day solvers, or from enumeration, which does not require
mathematical programming at all (see Tulkens, 1993). Second, if the technology would be
truly convex - by some strike of luck - the CMH approximation may yield better technical
efficiency estimates than the FDH approximation. This, however, would in principle require
some empirical verification of the convexity property, which to the best of our knowledge is
not easily obtained. Moreover, it is possible to reduce the small sample error associated with
FDH using information from the asymptotic distributions of efficiency estimates (Park et al.,
1997), or aternatively from ssimulated empirical distributions generated with bootstrapping
techniques (e.g. Simar and Wilson, 1998). Including additional local production information
(see e.g. Thannassoulis and Allen, 1998) could also help to remedy this problem. Finally, if
the production set would indeed happen to be convex, possible advantages of CMH over
FDH generdly vanish for large samples.

Notes

1. Free disposability and convexity are assumptions about the true production possibilities.
Both FDH and BCC impose the additional (determinism) assumption that observed input-
output vectors are a sample from the true production possibilities.

See also Banker and Maindiratta (1988) and Chambers et al. (1998).

Nerlove (1965, pp. 90) dready criticised Farrell’s (1957) treatment, which essentially
remains embedded in modern DEA, for the fact that it is not generally applicable under
imperfect competition.

w N
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Abstract

Measuring economic efficiency requires complete price information, while resorting to
technical efficiency exclusively does not allow one to utilise any price information. In most
studies, at least some information on the prices is avalable from theory or practica
knowledge of the industry under evaluation. In this paper we extend the theory of efficiency
measurement to accommodate incomplete price information by deriving upper and lower
bounds for Farrell's overall economic efficiency. The bounds typically give a better
approximation for economic efficiency than technical efficiency measures that use no price
data whatsoever. From an operational point of view, we derive new Data Envelopment
Analysis (DEA) models for computing these bounds using standard linear programming. The
practical application of these estimators is illustrated with an empirical application to large
European Union commercial banks.

Key words. Economic efficiency measurement, imperfect price information, Data
Envelopment Analysis (DEA), weight restricted models, Free Disposable Hull (FDH)

1. Introduction

In the literature of productivity and efficiency analysis, much discussion has focused
on economic efficiency measures, as well as on the economic justification of technica
efficiency measures. Following Farrell’s (1957) seminal paper, economic efficiency can be
decomposed into two components. allocative efficiency and technical efficiency. The
technical component requires gquantitative volume data of inputs and outputs only, while

© Elsevier Science, All rights reserved.
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associated prices or cost shares are also necessary for measuring alocative efficiency.
Already Debreu (1951) and Farrell (1957) expressed their concern about the ability to
measure prices accurately enough to make good use of economic efficiency measurement.
For example, accounting data can give a poor approximation for economic prices (i.e.
margina opportunity costs), because of debatable valuation and depreciation schemes.
Severa authors, including Charnes and Cooper (1985) cite this concern as a motivation for
emphasizing technical efficiency measurement. Consequently, many studies in the more
application oriented side of Operations Research, including the semina articles on Data
Envelopment Anaysis (DEA) by Charnes, Cooper and Rhodes (1978), Banker, Charnes and
Cooper (1984), and Charnes et al. (1985), assess efficiency solely in terms of technical
efficiency.

Interestingly, the radia (i.e. Debreu-Farrell) technical efficiency measure provides a
theoretical upper bound for economic efficiency, as Debreu (1951) and Shephard (1953)
already noted. However, this measure need not be a particularly good approximation for
economic efficiency, as it does not utilize any price information whatsoever. In numerous
empirical studies, at least some rough information on the economic prices is available from
theory or practical knowledge of the industry under evaluation. One source of price
information is prior knowledge on the quality or risk of the different inputs and outputs. For
example, primary inputs are typicaly more expensive than secondary inputs. Therefore, the
unit of labour input of key personnel (e.g. detectives, dentists, university professors,
surgeons, teachers) is more expensive than that of assisting staff (e.g. secretaries, research
assistants, cleaners, janitors). As capital inputs are concerned, the unit cost of equity capital
exceeds that of debt, because equity involves more risk for the capital suppliers than debt
does. Consequently, there exist both need and opportunities to include incomplete price
information in efficiency analysis, so as to improve approximation of economic efficiency
concepts.

In this paper, we extend the classic Farrell's theoretical framework to include
incomplete price information. Assuming that a convex polyhedral cone can represent the
price domain, we derive both upper and lower bounds for economic efficiency. The bounds
typically give a better approximation for true economic efficiency than technical efficiency
measures that use no price data whatsoever. For sake of generality, we only assume
production technologies are closed. In particular, we do not impose convexity or
monotonicity of the production set. Therefore, the general theory developed in this paper is
not limited to some restrictive classes of technologies, or particular approaches of
approximating them, but are ready to put in practice both in parametric and nonparametric
streams of efficiency analysis.

In addition to the theoretical discussion, we show how standard linear programming
techniques can obtain DEA estimators for these bounds from empirical data. These estimators
have some technical similarit%/ to the well-known ‘weight-restricted' DEA models, as initiated
by Thompson et a. (1986).° Those models enrich original DEA models with managerial
judgement by restricting the dua multipliers to convex polyhedral cones. The dual
multipliers represent the marginal properties (shadow prices) of the production set, and
restricting them can help to obtain a better approximation for the production set. Therefore,
weight restrictions are a useful approach for including production information.

19 For adetailed survey of the weight-restricted DEA models, see Allen et al. (1997).
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The inclusion of price information for the purpose of economic efficiency estimation
(i.e the subject of this study) is also frequently cited as a rationale for using weight-restricted
models (e.g. Thompson et a., 1990). However, there are at least three important objections
against using weight restrictions for including price information. First, it conceds that
different economic efficiency measures require different kinds of price information. For
example, information on input prices can improve the estimation of cost efficiency. By
contrast, output prices are not required, and can even serioudy distort the analysis. Still, the
weight-restricted models give the impression that al price information is desirable. Second,
by restricting the dual multipliers to price cones, the model looses flexibility to obtain
information on the marginal properties of the production set. Third, the use of weight
restrictions is restricted to DEA models that give a locally linear approximation for the
production set, and hence assume that the production set is convex. However, there are few
valid theoretical or empirical arguments in favour of convexity, and, in many cases, it is
desirable to relax convexity, e.g. to alow for economies of scale and of specialisation (see
e.g. Kuosmanen (2001) and Cherchye, Kuosmanen, and Post (2000)). For these reasons, we
think weight-restricted DEA models have limited use for measuring economic efficiency.

To remedy the above problems, the empirical estimators derived below explicitly
distinguish between the margina properties of the production set on one hand, and the
economic prices on the other. In addition, we derive both upper and lower bounds for
economic efficiency, whereas weight-restricted DEA models usually consider an upper
bound only. Finally, our estimators build on the assumption of free disposability of inputs and
outputs only (like the Free Disposable Hull (FDH) model by Deprins, Simar, and Tulkens
(1984)), which makes them consistent estimators for both convex and non-convex
technologies.

The remainder of this paper is organised as follows. In Section 2 we present the
Farrell decomposition along with some definitions of various efficiency measures. Section 3
discusses how incomplete price information can be used for deriving an interval for economic
efficiency. Section 4 discusses standard mathematical programming techniques can obtain
nonparametric estimators for these bounds from empirical data. Section 5 illustrates the
approach with an empirical application for large European Union commercial banks, and
show that even a single restriction on prices can substantially improve the economic
efficiency estimation. Section 6 gives our conclusive remarks.

2. Farrell decomposition

The Farrell decomposition is a fundamental cornerstone of the theory of efficiency
measurement. Farrell (1957) explicitly decomposed overal economic efficiency into
components of technical efficiency and allocative efficiency.”® Farrell's general framework
applies to a number of different ways to define and measure economic efficiency. In
efficiency analysis, the organisations under study differ both in terms of their objectives and
thelr environment (compare e.g. business enterprises versus non-for-profit organisations).
Therefore, dternative measures are needed for a meaningful assessment of economic
efficiency for different organisations. Following Farrell, we focus on cost minimising
behaviour of producers. In this perspective, the appropriate measure for economic efficiency
is cost efficiency, associated with the input oriented technical efficiency measure (i.e. output

20 |nfact, Farrell originally used the term “price efficiency” instead of allocative efficiency, but we agree with
Kopp (1981) who pointed out that the assumed price-taking nature of production units that is better captured by
theterm allocative efficiency.
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is held constant). However, the proposed approach is directly applicable to analogous revenue
efficiency and profit efficiency (Nerlove, 1965) measures, and the associated output oriented
and non-oriented technical efficiency measures respectively (see e.g. Chambers et al. (1996,
1998); and Briec and Lesourd (1999)).

It is first necessary to introduce some notation. Throughout the paper, production

inputs are represented by the input vector x= (x1 Xy )T A%, whereas outputs are

denoted by y= (yl yq)T AP Input prices in terms of marginal opportunity cost are
represented by the price vector w= (W1 W, )TT A9, The empirica production data of
the production units are represented by the output matrix Y =(y,...y,)", with
Y; = (Yy; ¥>y,), and the input matrix X = (% X)), withx; =(x; »x;). In addition, we
usetheindex set S={1,...,n}.

There are many aternative ways to characterise the production technology (see e.g.
Fare (1988) for an elaborate discussion). The most general representation is the production
possibilitiesset T:

21 T ::{(x, y)T AJ"P|x can produce y}

For the purposes of Sections 2 and 3, however, a more convenient representation of the
technology is the input correspondence

22 L(y):={{ox )1 T} yT A®,

which maps outputs y into subsets L (y) of inputs. In other words, the input set L(y) denotes all
input vectors x that yield output y. For sake of generality, in Sections 2 and 3 we only
postulate T and L to be nonempty and closed. Specifically, we do not impose any convexity
or monotonicity assumptions whatsoever. We think this is an important point of deviation
from the earlier theoretical developments, which are heavily built on these two simplifying
assumptions. We stress that there are no valid theoretical or empirical arguments for claiming
T or L to be convex a priori (see e.g. Farrell (1959); and more recent papers Cherchye et a.
(2000) and Kuosmanen (2001) on this point). In addition, as demonstrated below, convexity
assumptions can be unnecessary for employing duality theory of optimization, and for
deriving tractable model formulations.

Cost efficiency is conventionally defined as the ratio of the minimum cost of

producing the output of the evaluated production unit to the actual cost at the given input
prices and technology. 2! Using the standard notion of cost function, i.e.

(23) C-(y;w):= Mxin{XV\}xT L(y)}

cost efficiency can be formally defined as

2L |tisworth to note that since we assume away any stochastic disturbances, we measure efficiency of
technically feasible production vectors (x,y)l T only, so we use minimum and maximum rather than infimumand
supremum
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(24) CE“(x,y; W)::%.

In the subsequent section, we shall utilise an equivalent formulation of cost efficiency
that views cost efficiency as the cost function at normalised prices, i.e.

(25) CE“(x,y;w)= Min{x'w'|w':aw,aT A+;xw:]} .

xT L(y)

In this measure, prices are normalised such that the normalised cost of the evaluated
production vector equals unity, i.e. xw=1. It is worth to note at least the following properties
of this measure: Firstly, cost efficiency is homogeneous of degree one in input prices.
Furthermore, the measure is restricted by construction to the closed interval [0,1], the value
of unity representing total efficiency.

Number of alternative measures for technical efficiency have been proposed in the
literature (see De Borger et a., 1998, for an up-to-date presentation). Nevertheless, it turns
out that the only measure with a tractable dual formulation is the radial measure proposed by
Debreu (1951) (see aso Shephard (1953)), and adopted by Farrell. The Debreu-Farrell input
efficiency measure defines inefficiency as the maximum equiproportionate reduction of
inputs that is attainable without reducing any of the outputs, formally

(26) DF(xy):= I\/(I]in{q|qu L(y)} .

Analogous output and graph measures are aso avallable (see eg. Farrel, 1957; and
Chambers et al., 1998)

Allocative efficiency can be seen as the cost efficiency measure (or the overal
economic efficiency in general) applied to the technically efficient reference production plan,
i.e. (DF"(x, y)x,Y).In caseof cost savings, allocative efficiency is formally defined as

C'(y;w)

(27) AEL(X, Y; W) ::m.

Although the above definition associates alocative efficiency intimately with cost efficiency,
it is worth to note that allocative efficiency can be equivalently defined without any such
reference by using the radial Debreu-Farrell input gauge and the minimum isocost hyperplane

H(y;w) ={x‘|x‘w=CL(y; W)} Ji.e
(2.8) AE-(x,y;w)=DF " (DF “(x,y)x, V).

It is immediate from (2.6) that the allocative efficiency measure has by definition the
homogeneity property in input prices. By construction, allocative efficiency is restricted to
the interval [0,1]. Moreover, it is obvious from (2.6) that the product of alocative efficiency
and technical efficiency always equals cost efficiency, i.e.

(29) CE“(x,y;w)=AE"“(x,y;w)” DF-(x,y) " xI L(y),wl A®.
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Equation (2.9) is the fundamenta Farrell decomposition. Among other things, this
decomposition implies that technical efficiency is a necessary, but not sufficient condition for
economic efficiency. This result is aso known as the Mahler inequality (see e.g. Fare and
Primont, 1995), i.e.

(2.10) CE“(x,y;w)£ DF “(x,y) " xI L(y),wl Aq.

Figure 1 illustrates the Farrell decomposition graphicaly with two inputs, at a fixed
level of output y. The production unit k liesin the interior of the (hon-convex) input set L so it
is inefficient both in technical and economic sense. The Debreu-Farrell technical efficiency
measure is the ratio ORpr /Ok. Allocative efficiency is the ratio ORce /ORpg. Finaly, cost
efficiency is ORce /Ok, which we obtain by multiplying the technical efficiency and
allocative efficiency indices.

A
X2

X1

Figure 1: Farrell decomposition of cost efficiency (OR'ce/Ok) as a product of
technical efficiency (ORpg/Ok) and allocative efficiency (OR'ce/ORpg)
components.

3. Farrell framework under incomplete price information

The economic and technical efficiency measures are extreme cases with respect to the
requirement and the utilisation of price information. The economic efficiency measures
require complete and accurate information. On the other hand, no prices appear in the
definitions of technical efficiency measures, cf. eg. (2.6). However, we believe many
research situations are best described by the intermediate case where some incomplete price
information is available. In that case, the economic approach can not be used, because the
price information is incomplete. However, resorting to the technical approach leaves
potentialy valuable price information unutilised. Below, we demonstrate how incomplete
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price information can be accommodated into the Farrell framework to obtain better
approximations for economic efficiency than available from technical efficiency measures.

In this paper we relax the information requirement of prices by only assuming that the
factor prices belong to domain Wi A, For simplicity, we use a polyhedral convex cone to

represent the price domain. More specifically, we assume the following structure for the price
domain:

@1 W={wl A%Aws 0}.

This cone represents the price domain in terms of | linear inequalities. Aisa |~ qmatrix

composed of | row vectors Aq,...,A. Denote the index set L={1,...,I}. Heuristicaly, each row
vector Aj, j1 L can be considered as an input vector. Interpreted in this way, price domain W is
a collection of all nonnegative prices vectors at which the cost of each input vector A;, jT L is

greater than or equal to zero. As the limiting special cases, we have W = A9 if A is void. By

contrast, the price cone reduces to a specific price vector unique up to a multiplication by any
positive scalar if Aw? 0 can be expressed in terms of q linearly independent equality
restrictions Bw =0, where Bisa g g matrix of full rank.

The price domain cone W involves two sets that are interesting from an economic
perspective, and that will prove helpful for approximating economic efficiency. The first set
is the negative polar cone of W, which has the economic interpretation of the set of input
vectors associated with a nonnegative cost at all pricesin W:

32 WY ={xT A%xws 0" wi w}={xI AYx3 bab1 A} .

The second set contains all input vectors associated with a nonnegative cost at some pricesin
W

(33 WY :{XT Ad$wi W :xw?2 0 }:{XT Adlx3 aA;il Lia O} .

It should be noted that the assumed form of the price domain W could turn out impractical or
irrelevant in some empirical situations. However, in many cases, price information does take
the form of linear inequalities, or linear inequalities can give a good approximation for more
complicated price structures. For example, the information that equity capital is more
expensive than debt capital can be represented by a single linear inequality. In addition, the
limiting cases of exact and complete price information on one hand, and no price information
whatsoever on the other, are special cases of this more general price domain, as shown in
more detail below. Finally, polyhedral convex cones are computationally convenient, because
they can be included in Linear Programming models.

Figure 2 illustrates a graphica example of a price domain as represented by the

&2 -10
convex cone W. This price domain is obtained by specifying A=g 1 2 =, which
- 2
effectively restricts the relative price WI/W2 of the two inputs to the closed interval [0.5, 2].
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2W1=W>2

W1=2W>

W1
O

Figure 2. Example of the price domain as represented by the convex cone W

To obtain an upper bound for cost efficiency, we propose to use the maximum vaue
of cost efficiency over the price domain, i.e.:

~="L . — L . — H ] — Q
(34) CE (x,y;W) =max CE" (x, y;w) = max n{x vv|xw-]}b.

xT L(y)

We will refer to this maximum value as the upper bound of cost efficiency, using analogy to
nonparametric production analysis (e.g. Varian, 1984), especially Banker and Maindiratta
(1988) who derived upper and lower bounds for profit efficiency using their subset-
rationalization condition.

Employing duality theory of optimization, we can relate this upper bound to the
Debreu-Farrell measure (2.6).

THEOREM 3.1: For all closed nonempty input sets L(y) and price domains W, the upper
bound of cost efficiency CE (X, y;W) isequa to the Debreu-Farrell input measure

DFY (x,y) relative to the augmented input set U(y) = co(L(y)) +W" , where co(L(y))
denotes the convex hull of the input set.

PROOF 3.1 In problem (3.4), the inputs set L(y) can be harmlessly substituted by it's convex
hull, i.e. co(L(y)), because the objective function is linear in inputs (see Varian (1984) for

further details). Hence, problem (3.4) can equivaently be defined as:
(i) CE (x,y;W)=max min {x'vv|xw=]}: min max{x'V\,1XW:]} :

wiW xT co(L(y)) xT co(L(y)) wiw
This problem embeds the following Linear Programming problem:
HH ] = = ) - . 3
(ii) rvrvm({x Wixw 1} rvw%{x wixw=1; Aw o}

The dual associated with this problem is:
(iii) min, { |x'+bA£qx} :
q, +
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Substituting (iii) for (ii) in (i) gives:
) CE (xy:W)= min aemin{q|x'+bA£qx}g=nlin{q|qu co(L(y)) +W"}

x1 co(L(y)) bTAL

=DF" (x, V). Q.ED.

The above theorem demonstrates that it makes good sense to use radial Debreu-Farrell
measure against the augmented input set to obtain a proxy for economic efficiency, as is
sometimes done in the DEA literature. In addition, this theorem underlines the interpretation
of such efficiency score as the upper bound of cost efficiency. Heuristics behind the
equivalence are as follows. The augmented reference set U(y) represents al input vectors x
that involve a minimum cost of xw at most, for all priceswi W . AsL(y) is aways contained

within U(y), the upper bound CE (x, Y;W) can never exceed the value of DF"-(x,y), but

depending on the price domain W, it can be substantially lower. Thus, this upper bound can
give a substantially better approximation for economic efficiency than the Debreu-Farrell
measure alone. Note that the elements of U(y) need not be included in L(y), and hence they
need not suffice to produce output y. For example, U(y) has convex isoquants even if the
isoquants of the true production set are non-convex. However, the non-feasible elements can
be harmlessly used for cost comparisons, because L(y) necessarily contains at least one input

vector that can produce y at a cost of xw a most. As DFV(x,y) is computationally

convenient, we will elaborate on how to obtain empirical approximations for U(y) in Section
4 below.

Figure 3 illustrates graphically the upper bound of cost efficiency relative to L(y),
which equals the Debreu-Farrell measure relative to set U(y). The dopes of the two isocost
lines drawn in Figure 3 represent the extreme scenarios of relative prices included in a
hypothetical price domain W. Notice that the radial reference point R'ce is an infeasible
production plan, as it lies outside the input correspondence L(y). However, L(y) contains two
production plans Rcer and Regp that produce the output y at the same cost as the reference
point Rce. Note that while L(y) is non-monotonous and non-convex, U(y) is both
monotonous and convex. Therefore, for the purpose of evauating cost efficiency, the input
set can be 'monotonised’ and ‘convexified' without harm. However, this does neither imply
that the entire production set T could be convexified, nor that the convexification would be
allowed for measuring technical or alocative efficiency.
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X2

Figure 3: lllustration of the upper bound of cost efficiency, which is the
Debreu-Farrell measure relative to set the augmented set U rather than L(y).

Interestingly, if price information is complete, i.e. the price domain W only contains
multiples of the true price vector, the upper bound (3.4) aways equals the cost efficiency
measure (2.4). On the other hand, if no price information is available, sets U(y) and L(y)
coincide, and (3.4) equals the Debreu-Farrell measure (2.6) in the special case of monotonous
and convex input set. This, however, need not be the case in genera. Therefore, the upper
bound (3.4) can give a better approximation for cost efficiency in case of non-convex
technologies even when no price information is available, i.e. price domain W contains the
whole non-negative orthant of real valued vector space. Finaly, the properties of measure
(3.4) effectively induce a gradual transition from Debreu-Farrell efficiency (associated with
no price information) to economic efficiency (associated with full complete price
information).

A lower bound for cost efficiency can be obtained in a smilar way. More
specificaly:

(35) CE"(x,y;W)=min min {x'w|xw:1} .

wi W xTL(y)

Using duality theory, we can aso relate this lower bound to the Debreu-Farrell
measure (2.6).

THEOREM 3.2: For al closed nonempty input sets L(y) and price domains W, the lower
bound of cost efficiency CE"(x, y;W) is equal to Debreu-Farrell input measure DFY (X, y)
defined with respect to the augmented input set V(y) =co(L(y)) +W" .
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PROOF 3.2 In problem (3.5), the objective function is linear in inputs and prices, and hence
L(y) can bereplaced by co(L(y)), and moreover the order of the two minimization problems

can be safely reversed:

[ - ‘W)= mi inix' =1).

0  CE (xyW)=_ g(}p(y»(rvglvnv {xewpxw J})

This problem embeds the following Linear Programming problem:

(ii) ijvr;\{x'vﬂxwzl}:m;&r%{x'vwxw:l Aw3 0}
The dual associated with this problem is:

- '_ 3 = . 1 . -

(iii) qrL\TaA;\<L{q|x bA 3 qx mlsrg{q|x+aA£qx, it L}
Subgtituting (ii) by (iii) in (i) gives

) CE"(xy:W) = ( 't £;'TL)
(vi) CE"(x,y;W) x‘T(r:E](ILr(]y)) (m|3rg{q|x aAEqx; i }

- ng’n{q|qxi co(L(y)) +W" }= DFY(x,y). QED.

Combined with the upper bound, the lower bound can be used to construct an interval
approximation for the true cost efficiency. Theorem 3.2 implies that the radial technical
efficiency measure relative to an augmented input set can in fact be used for computing the
entire interval for economic efficiency. We think that also the worst case scenario, as
reflected by the augmented reference set V(y) gives vauable information in many
applications. The set V(y) represents all input vectors that produce output y at a minimum cost
of xw at most, for some priceswi W . Obviously, the reference set U(y) is always contained
within V(y). Again, the elements of V(y) need not be contained within L(y). However, L(y)
contains input vectors that can produce y at a cost of xw for some prices. As DFY (x,y) is

computationally convenient, we will elaborate on how to obtain empirical approximations for
V(y) in Section 4 below.

Figure 4 illustrates graphically the lower bound relative to set V(y). Notice that the
radia reference point in the boundary of V(y), denoted by Rcg., is associated with the
nonradial reference point in the boundary of L(y), denoted by RcgL. In fact, Regl represents
the optimal x to the minimization problem (3.5). Interestingly, the upper and lower bounds of
cost efficiency provide some economic justification for the general idea of non-radial
projections to the technical frontier. Unfortunately, any well-known non-radial measure does
not generaly coincide with these reference points. As shown by Figure 4, achieving this
reference may actually require increase in some inputs.
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Figure 4: lllustration of the lower bound of cost efficiency, which is the
Debreu-Farrell measure relative to set V

Consider the special case of full information. As could be expected the sets U(y) and
V(y) coincide, and the lower bound equals the upper bound. On the other hand, in case of no
prior price information, the lower bound can fall considerably short of the upper bound. Still,
the lower bound typically exceeds zero, which suggests that the theoretical lower bound can
give new insight even when prices are totally unavailable.

Finally, using the Farrell decomposition (2.9) and the cost efficiency bounds derived
above, we can construct atheoretical interval for alocative efficiency, i.e.

36) AE'T AEL,ELJ,
where the lower bound is given by
(37) AE"=CE"/DF‘,

and the upper bound is respectively
(38) AE =CE /DF'.

It is immediate from (3.6) and (3.7) that the interval for allocative efficiency is simply cost
efficiency interval normalised by technical efficiency. Nevertheless, it can be highly
informative to decompose the estimated cost efficiency measures into its two components so
as to gain insight of the underlying sources of inefficiency, i.e. to what extent the observed
overdl inefficiency is due to inefficient planning versus inefficient operation. In this respect,
even a rough interval for alocative efficiency can provide vauable information in
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comparison to the level of technical efficiency. Moreover, the interval generally diminishes
by a more accurate price information.

4. Empirical estimators

Above we extended the general theory of efficiency measurement to bridge the gap
between the opposite cases of perfect price information on one hand and no price information
whatsoever on the other. Although the above measure can dea with incomplete price
information, complete information on the input set L(y) is still required. Unfortunately, one
typically faces imperfect information on the production possibilities in empirical anaysis.
However, empirical inference is possible by approximating the true input correspondence by
particular empirical input sets constructed from empirical data.

Various approximations can be employed, depending on the assumptions imposed on
production possibilities and the data used for approximating it. In the nonparametric DEA
literature, the most popular approximation of production possibilities set T is the convex
monotone hull of observations used, among others, by Banker et al. (1984) for estimating
Debreu-Farrell input efficiency and Banker and Maindiratta (1988) for estimating overall
economic efficiency. In case of these standard convex DEA technologies, the upper bound
for cost efficiency can be easily computed by standard weight restriction techniques, e.g. by
incorporating the price cone W in the cone-ratio DEA model by Charnes et al. (1990).

However, the standard DEA models build on the assumption of convex production set
(i.e. T=co(T)), which is more restrictive than convexity of the input correspondences (i.e.

L(y)=co(L(y)), yI AP). As emphasised aready by Farrell (1959) (and more recently

Kuosmanen (2001) and Cherchye et al. (2000)), there is no reason to expect production
technologies to be convex, and economic phenomena such as economies of scale and of
speciadization significantly violate convexity. Because of the restrictive nature of the
convexity assumption, we choose to derive our empirical estimators from a convexity-free
DEA moddl.

In the previous sections of this study we only assumed sets L(y) and T to be closed
and nonempty. However, we need to impose some additional structure for the production
possibilities in order to obtain any meaningful empirical reference set. Therefore, we
henceforth resort to the free disposable hull (FDH) technology (Deprins et al. (1984), and
Tulkens (1993)). The FDH approximation of the input correspondence L can be formally
represented by:

41)  Coon(y) ={xT Aly£17Y;x3 17X 1 Te=21 1 {08 "I §} .

If the production set T is monotonous, i.e. inputs and outputs are freely (=strongly)
disposable, and all the observations included in the data set are technically feasible, then
Leon(¥) T L(y) . Note that these two assumptions are also imposed in standard DEA, the only
difference between the free disposable hull and convex monotone hull being the (debatable)
convexity postulate. Under the two assumptions imposed here, measuring technical efficiency
relative to the FDH approximation gives an upper bound for the true Debreu-Farrell
efficiency, i.e.
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(4.2) DF'(x y)=DF%"(x y) :qnl"in{q|ITX Eqcl Y2yl Te=11 1{03 "1 S} .

Solving a Mixed Integer-Linear Programming problem for each DMU can obtain these
estimates. Tulkens (1993) has aso provided a specidly taillored enumeration algorithm for
this problem.

Unfortunately, a lower bound for technical efficiency cannot be obtained when L is
unknown, except for the value of zero, which provides a theoretical infimum when no free
lunch is alowed, i.e. production of positive output bundles is impossible with non-positive
input levels.

The FDH approximation also forms a good starting point for cost efficiency

evauation. For this purpose, we construct an FDH approximation for the price-augmented
reference set U(y) as

43 U (y)={xi Adx217c(y)+bAbT AL;I T Amem; Te=1f,

where c (y) denotes the input matrix of such observed production plans that produce higher
output than v, i.e.

(4.4) c(y)={x].T X|y]. 3 y}.
Using Theorem 3.1 we obtain the following upper bound for cost efficiency
(45) CE ™ (x,y) = DF = (x, )
=m'n{q|l Te(y)+bAEgx; bl AL;1 T AP0 Te=1} .
q, b
Note that problem (4.5) can be solved by standard Linear Programming algorithms (after first

enumerating the matrix c(y)), despite the fact that we built on a non-convex FDH
technology.

Similarly, for computing the empirical lower bound for cost efficiency we first
construct the empirical reference set V., (Y)

(46) V., (y) ={xT A'|x3 | Tc(y)+aA,il Lia3 0l 1 Acreo:| Tezl}.
Using Theorem 3.2, the empirical lower bound for cost efficiency can be computed as
(47)  CE"™ (xy) = DF % (xy)

:m'n{q|qx3 | Tc(y)+aA;il Lia3 ol T A®CO:) Tezl} :

q/l.a

Here we can easily enumerate the solution by solving the embedded problem
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(4.8) rrlin{q|qx3 I Tc(y) +aAa 2 01 T AP Te=1}
q,l a

for each i=1,...,| and subsequently select the minimum of the obtained solutions. This is an
effective strategy especially when | is small. For larger problems, more efficient algorithms
cold be developed, but we leave that issue for further research.

As pointed out in the previous section, the convexification of input correspondence is
harmless due to the linearity of the cost function. Therefore, the price-augmented FDH input
set U,(y) can be equivalently obtained as the input correspondence of empirical

production sets that impose convexity in input space only (see e.g. Bogetoft (1996), and Post
(2001)). In the above FDH formulas, potential non-convexity in the graph or output space is
taken into account by first filtering out such observations that produce smaller amount of any
output than the evaluated production plan.

The empirical bounds of cost efficiency derived above have following properties. If
FDH input set is contained within the true input correspondence, then the empirical upper

bound is always greater than or equal to the theoretical upper bound, i.e. CELFDH 3 CE .

Moreover, as the theoretical upper bound is greater than or equa to the true cost efficiency,

ie CE 3 CE", it follows that the true cost efficiency can never exceed the empirical upper

bound, i.e. CE- 3CE'.In addition, under some generally accepted assumptions of the

distribution of inefficiency terms, the FDH converges to the true production set as the sample
Size is increased (see Park, Simar and Weiner, 1997). Therefore, the empirical upper bound

| FDH

asymptotically converges to the theoretical upper bound, i.e. CE. ® CE .

Similarly, the empirical lower bound is always greater than or equal to the theoretical

lower bound, i.e. CE" 3 CE". However, as CE" £ CE", the empirical lower bound can
generally be greater or less than the true cost efficiency. Thus, the lower bound is essentially
a sample property. We would underline that the true economic efficiency can in some cases
fall short of the empirica lower bound i.e. due to the finite sample error. However, the
empirical lower bound asymptotically converges to the corresponding theoretical value, i.e.

@LFDH ® CE". Furthermore, the lower bound estimate relative to a sample can till be a

valuable information for practical purposes, as there is no evidence of DMUs operating with
lower cost than the reference cost on the lower bound.

Unfortunately, a more precise theoretical interval than the natural [0,1] range cannot
be obtained for allocative efficiency, because we can only characterize upper bounds for both
cost and technical efficiency. Still, it can be interesting to consider allocative efficiency
interval observed in the sample relative to the empirical technology, i.e.

AELo T €apten A U
(4.9) G

The upper and lower bound of allocative efficiency can be computed from (3.6) and (3.7) by
substituting L by its empirical approximation. In a large enough data set the sample interval
can give a good approximation due to the asymptotic properties of FDH approximation.
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5. Empirical illustration

The nonparametric approach to efficiency measurement has seen extensive
application for studying the financial industry. For example, Berger and Humphrey (1997)
find that 69 out of 122 frontier efficiency studies for financia ingtitutions use the
nonparametric approach. To illustrate the use of incomplete price information in economic
efficiency anaysis, we performed an empirical application for commercia banks.
Specificaly, we used a data set with 1997 financial statement data of the 453 largest
commercial banks in the European Unior??. For convenience, we use a simplified
representation of the bank technology, which involves a single output, total earning assets,
and a three inputs, equity capital, debt capital and operational costs (which aggregates all
inputs apart from equity and debt). All variables are measured in millions of Euro. Figure 1
illustrates graphically the employed technology. Furthermore, Table 1 presents some
descriptive statistics for the data set.

Total Earning Assets

A

Commercial
Bank

0

Equity Capital
Debt Capital
Operational Costs

Figure 5: Graphical representation of the bank technology.

Table 1: Descriptive statistics for the bank sample.

Tot. Earn. Ass. Eq.Cap. Debtcap. Op. Costs

Mean 1027.88 468.49 23389.64 24283.46
Median 222.25 64.34 4005.60 3964.36
Maximum  30808.54 10433.01 568501.80 574533.80
Minimum 8.35 1.23 500.70 533.43
St. Dev. 2547.49 1286.28 60211.62 62961.11
Skewness 5.82 4.83 4.84 4.77
Kurtosi's 51.52 29.90 31.24 29.91

To measure cost efficiency and alocative efficiency, information is required on the
prices of the inputs, say w= (Wl W, W3),Wherew1 denotes the price of equity capital, w,

22 |n this article, we use BankScope data provided by Bureau van Dijk Nederland.
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the price of debt capital and w,the price of other inputs. Our data set includes operational
cost, which is computed using the price of other inputs, w,. However, the prices of capital

inputs are not available. The price of debt capital is not available, because interest revenues
and interest expenditures are aggregated as net interest income In addition, the cost of capital
for equity relates to the ex ante required rate of return from future dividend payments and
capital gains. This rate of return can't be inferred from ex post financial statements. In
addition, the required rate of return on equity generally depends on the debt/equity ratio, and
therefore can not be assumed to apply to reference units that have a different debt/equity ratio
than the evaluated DMU. These complications exclude the possibility of direct measurement
of cost efficiency and allocative efficiency.

As discussed above, the input-oriented Debreu-Farrell measure for technical
efficiency can be used as an upper bound for cost efficiency. However, prior price
information can derive better bounds for cost efficiency. For example, economic theory
assumes that the cost of equity capital exceeds that of debt capital. The rationale behind this
assumption is that equity involves more risk for the capital supplier than debt does, because
debt claims are senior to equity claims. This assumption can be enforced by specifying the
matrix A as:

(1) A=l -1 0).

Additional information on the prices could be found, e.g. using empirical estimates
from capital market data or subjective assessments by bank managers. However, for the
purpose of illustration, we resort to this single assumption on the relative price of equity and
debt capital. Our purpose is to demonstrate by this example that valuable information can be
gained by this simple restriction on input prices.

For these purposes we computed the Debreu-Farrell measure (4.2), and the empirical
upper and lower bounds for cost efficiency associated with A, i.e. (4.4) and (4.7). We
subsequently computed the empirical bounds on allocative efficiency, i.e. (3.6) and (3.7).
Table 2 reports the summary statistics of the cost efficiency bounds and Debreu-Farrell
technical efficiency.®

Table 2: Statistics on the cost efficiency bounds and Debreu-Farrell measures

Cost efficiency  Cost efficiency Debreu-

L ower bound Upper bound Farrel

Mean 0.114 0.978 0.988
Median 0.048 1 1
Maximum 1 1 1
Minimum 0.007 0.312 0.369
S. Dev. 0.176 0.048 0.041
Skewness 3.374 -6.962 -90.141
Kurtosis 12.574 83.382 123.774

23 More detailed estimation results can be obtained from the authors upon request.
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Figure 6: White area represents the improvement in cost efficiency bounds
associated with the information that the cost of capital of equity exceeds that
of debt.
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observation

Figure 6 graphically illustrates the relative improvement in the cost efficiency bounds
achieved by incorporating price restriction (5.1), in other words, the computed cost efficiency
interval is presented at the normalised scale [0, DF >+ (x,y)]=[0,1]. Alternatively, The grey
area between the upper line and the lower line in Figure 6 can be viewed as the allocative

|:FDH N

AE E for the observations. As allocative and cost efficiency

. . N
efficiency interval zZAE™
cy Fas
intervals generaly improve at the same rate, in what follows we refer to intervals and bounds
in both meanings. Table 3 further summarises the improvements from using prior price

information relative to interval from [0, DF Ceon (x,y)], i.e. the interval associated with no
prior information.

Table 3: Statistics on the improvements due to price information

Lower Bound  Upper Bound

Mean 0.114 0.989
Median 0.049 1.000
Maximum 1.000 1.000
Minimium 0.007 0.846
St Dev. 0.176 0.018
Skewness 3.371 -2.210
Kurtosis 12.554 11.122

It is clear both from Figure 6 and Table 3 that for a number of banks, incorporating
price information substantially narrow intervals from [0,1], i.e the interval associated with no
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prior information. We see that the reduction in the intervals achieved by the restriction (5.1)
solely, as represented by the white area, is quite substantial relative to the additional
information content in (5.1). Obvioudy, for some banks, the improvements are more
substantial than for others. For example, for a number of banks the lower bound equals unity.
These banks are demonstrably cost efficient in this sample at al prices within the price cone.
Note that in the classic framework, when full price data was unavailable, the cost efficiency
interval for a Debreu-Farrell efficient bank was the maximal [0,1]. For some of these banks,
we were able to provide evidence of their efficiency that was previously unavailable.

In addition, for many banks the upper bound is substantially lower than the Debreu-
Farrell measure. For these banks, (1) the radial projection point is on a non-convex part of the
isoquant, or aternatively (2) the marginal rates of technical substitution at the projection
point differ from the input prices contained within the price cone.

For the majority of banks, however, the improvement in the interval was due to the
introduction of the lower bounds. There certainly is a correlation between upper and lower
bounds, so that when upper bounds are relatively close to unity, like with most banks in this
data set, the lower bounds capture a greater proportion of the narrowing of the bounds, and
vice versa. However, notice also that the above results may be subject to small sample bias.
The empirical measures are biased above the theoretical bounds if the empirical production
set isonly asubset of the true production set, asis true in small samples. As discussed above,
this positive bias preserves the status of the empirical upper bound as an upper bound for true
cost efficiency. However, the empirical lower bound is not necessarily a lower for true cost
efficiency, and should be interpreted as a sample property rather than a population property.
This needs to be taken into consideration in the interpretation of the empirical bounds. Still,
the empirical and theoretical bounds converge as the sample size increases.

We conclude by pointing some interesting opportunities to extend this type of
empirical analysis. Naturaly, collecting more accurate price restrictions can help to further
improve the efficiency intervals. Moreover, when more accurate price data is not available, it
can be worth to consider aternative price scenarios, speculate what would happen if the price
domain would be specified in a different way, or how particular production assumptions (i.e.
convexity, constant returns to scale, etc.) would affect the results. However, these
speculations are beyond the scope of the current application. Our purpose was to show that
the theoretical framework proposed in this paper provides an operationally tractable basis that
requires little additional information, and most remarkably, rests of minimal assumptions on
the unknown production process.

6. Concluding remarks

Economic efficiency measures require complete price data, while technical efficiency
measures do not utilise any price information whatsoever. In many empirical studies, price
information is considered highly relevant, but price data available is considered incomplete
for using economic efficiency concepts. We derived upper and lower bounds for overall
economic efficiency and allocative efficiency assuming incomplete price datain the form of a
convex polyhedral cone. Standard linear programming techniques can be used for computing
nonparametric estimates for these bounds from empirical data. The application for European
commercia banks presented in Section 5 shows that these bounds can give a substantially
better approximation for economic efficiency than technical efficiency measures; a single
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theoretically sound assumption about the relative prices of equity and debt capital generated a
substantial improvement.

In the Introduction, we noted that our approach has a strong similarity with so-called
weight restricted DEA models. Now, how do the empirical bounds we derived from Farrell's
theoretical model compare to the weight restricted DEA models? In contrast to the weight-
restricted models, we distinguish between the margina properties (shadow prices) of the
production set on one hand, and the economic prices on the other. This distinction has at least
three important implications. First, it alows one to incorporate information in both
envelopment and multiplier problems. Hence, including economic prices does not interfere
with the elicitation of information on the shadow prices. Second, the distinction reveals that
different notions of economic efficiency require different kinds of price information. For
example, it is immediately clear that cost efficiency measures require information on the
input prices, but not on the output prices. Third, the distinction facilitates the analysis of non-
convex production technologies, which we consider desirable e.g. to account for economies
of scale and of specialisation. In addition to distinguishing between technical and economic
information, we compute both upper and lower bounds so as to present the whole interval of
possible efficiency values, whereas weight restricted DEA models usually consider an upper
bound at 'most favourable’ weights only.

Regardless of the limitations of weight restricted DEA models for measuring
economic efficiency, proper restrictions of technology parameters can help to improve the
approximation of the production set. However, it should be understood that weight
restrictions reflect technical information on marginal products or marginal substitution or
transformation rates, rather than information on economic prices. In fact, weight restrictions
have been utilized to reflect the former information in DEA right from the beginning, for
example to impose particular assumptions of returns-to-scale (see e.g. Banker et a, 1984).
Therefore, it is useful to distinguish between technology related information on one hand, and
price or value related information on the other, both of which can be included in the model by
parameter restrictions. We conclude by calling for more attention to the interpretation of
weight restricted DEA models.
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Abstract

This paper extends the nonparametric approach to efficiency analysis to include uncertainty
for input-output prices. We introduce a novel concept for efficiency under uncertainty
together with necessary and sufficient first-order stochastic dominance (FSD) conditions.
These FSD conditions require minimal assumptions with respect to the preferences of the
decision-maker and the distribution of the prices. In addition, the FSD conditions include the
well-established efficiency conditions by Koopmans and Nerlove as limiting cases.
Furthermore, the FSD conditions can be tested empirically using standard mathematical
programming techniques.

Key words. nonparametric efficiency analysis, Data Envelopment Analysis, performance
evaluation under uncertainty, stochastic dominance.

1. Introduction

Following Koopmans (1951), most studies in the field of nonparametric efficiency
analysis, including the classic DEA papers by Charnes, Cooper and Rhodes (1978), Banker,
Charnes and Cooper (1984), and Charnes et al. (1985), assess efficiency in terms of technical
efficiency. Technical efficiency is an important organisational objective. However, it
generally is not the sole objective. Therefore, technical efficiency generally is a necessary,
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but not sufficient, condition for effectiveness, i.e. the extent to which DMUs succeed in
achieving their organisational objectives. Consequently, there is the need to include
additional preference information in efficiency analysis, so as to discriminate between
technically efficient production plans.

One attractive approach to include additional preference information is to use
behavioural assumptions from microeconomic theory. Most notably, Nerlove (1965) derived
the concept of profit efficiency from the assumption that DMUs maximise profit given input
and output prices. In the nonparametric literature, Varian (1984), Banker and Maindiratta
(1988), and Fare and Grosskopf (1997), among others, have proposed empirical tests and
efficiency measures related to Nerlovian profit efficiency®®. A problem not recognised thus
far is that the input-output prices typically involve uncertainty. If this is the case, evaluating
efficiency of DMUSs at the realised prices observed ex post by the analyst is unfair towards
the units who actuadly did not have al that information a hand when they fixed their
production plans.

This paper extends the nonparametric approach to efficiency analysis to include
uncertainty. Using the theory of first-order stochastic dominance (Hadar and Russell 1969),
we derive necessary and sufficient conditions for efficiency under uncertainty that require
minimal assumptions about the statistical distribution of the prices and the organisational
objectives of the DMUs. These conditions include the condition for Koopmans' technical
efficiency as the limiting case where prices are unrestricted strictly positive random variables.
Similarly, the condition for Nerlovian profit efficiency is the limiting case where prices are
known with complete certainty. In addition, we derive empirical tests for the necessary and
sufficient conditions that can be implemented using standard mathematical programming
techniques.

The remainder of the text is organised as follows. Section 2 introduces the established
efficiency concepts by Koopmans and Nerlove. Section 3 discusses production analysis under
price uncertainty, and introduces the first-order stochastic dominance conditions. Section 4
illustrates how the FSD conditions can be tested empirically. Finally, Section 5 draws
conclusions and gives suggestions for future research.

2. Efficiency definitions

We intend to evaluate the efficiency of DMUs that operate under a particular
production technology, as represented by the production possibilities set:

@ T={yxi A ™ linput x can produce output v .

Throughout the text, the production data of the DMUSs are represented by the output matrix
Y =(y;.¥,)', with y; =(y,; »xy,), and the input matrix X =(x..x,)",

withx; =(x;; >*x,,) . In addition, we use S={1,...,n} .

24 Neither Varian, nor Banker and Maindiratta explicitly refer to Nerlove, but the concept of profit efficiency is
fundamentally embedded into both studies.
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K oopmans efficiency® for the evaluated (say k-th) unit can be formally defined as
follows. DMU Kk is technically efficient in Koopmans sense if and only if, given the
production technology, none of its inputs or outputs could be improved without worsening
some of its other inputs or outputs, i.e.:

) max? (s¢ s)

x,y,slt,slr

_ S¢u . R R R '.'
Y SR, Y 8 () 07 Ti(se9)T AT =0,
g' X-Sg & Xg {;

In the nonparametric literature, Charnes, Cooper and Rhodes (1978), Banker, Charnes and
Cooper (1984), and Charnes et al. (1985), among others, have proposed empirical tests and
efficiency measures related this efficiency concept.

The recognised problem of technical efficiency is that it typically is a necessary, but
not sufficient condition for optimal economic behaviour. Technical efficiency considers
means for achieving given ends, but the specification of the ends themselves is ignored. In
other words, potentia inefficiencies in the allocation of resources to produce the optimal
output bundle are not taken into account. Theoretically, this point was aready manifested in
the seminal Farrell decomposition (Farrell, 1957).

One possibility to enrich efficiency analysis is to change the perspective towards
economic efficiency concepts. Most notably, Nerlove (1965) introduced the concept of profit
efficiency. This efficiency concept uses the microeconomic assumption of profit
maximisation subject to technological constraints, as represented by the production set, and

environmental factors, as represented by output prices p, =(py *<py )’ T Al and input
prices w, =(w,, »ow_ )" T AT,

A DMU k is profit efficient if and only if it is not possible to achieve higher profit,
given the technology and the prices, i.e.:

) r?gx{(ypk - XW) - (Vi Py - Xka)|(y, X)T T}:O

In the nonparametric literature, Varian (1984), Banker and Maindiratta (1988), and Fare and
Grosskopf (1997), among others, have proposed empirical tests and efficiency measures
related to Nerlovian profit efficiency.

A problem not recognised thus far is that the input-output prices typicaly involve
uncertainty for the DMUSs. Prices are typicaly determined by demand and supply forces that
are (partly) beyond the control of the DMUSs, and in addition that are (partly) unpredictable
for the DMUs. For example, in the classic Cournot (1838) duopoly model, DMUs control
their production plans, but prices are determined on the market. Under such circumstances,
DMUs require perfect information on demand responses and production plans of competitors,
to perfectly anticipate (the Nash equilibrium) prices. Moreover, even if the nomina prices

25 Also known as Pareto-K oopmans efficiency. This should not be confused to another well-established
technical efficiency concept proposed by Debreu (1951) and especially Farrell (1957) that exclusively focuses
on radial (equiproportional) input reduction and/or output augmentation.
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would be fixed i.e. by long-term contracts or regulatory acts, the unpredictable fluctuations in
uncontrollable environmental factors such as business cycles, interest rates, and inflation
guarantee that the real prices in terms of opportunity costs typicaly involve uncertainties
beyond hedging. Thus, evaluating efficiency of DMUs at the realised prices observed ex post
by the anayst is unfair towards the units who actually did not have all that information at
hand when they fixed their production plans.

3. Efficiency analysis under uncertainty

In contrast to the standard model, we assume the DMU under evaluation faces
uncertainty for the price vectors. More specifically, we assume that the prices are random

variables with domain DI As'™ and joint distribution function F :D ® [0,]. Both the
price domain D and the distribution function F can be harmlessly assumed DMU specific.

For simplicity, we use a polyhedral convex cone to represent the price domain. More
specifically, we assume the following structure for the price domain:

@ D={pwi A¥"Ap+Bw3 0(pw)3 e} .

This cone represents the price domain in terms of | linear inequalities. A and B arel “ q and

| © mmatrices respectively and cisa |~ 1 vector. In addition, the prices are assumed to be
strictly positive. Restricting the prices to exceed an arbitrary positive constant e imposes that
assumption. It should be noted that the assumed form of price domain may turn out
impractical or irrelevant in some empirical cases. However, in many cases, price information
does take the form of linear inequalities, or linear inequalities can give a good approximation
for more complicated price structures. Especially, the limiting cases of exact and complete
price information on one hand, and no price information whatsoever on the other, are specia
cases of this more general price domain, as shown in more detail below. Finally, polyhedral
convex cones are computationally convenient, because they can be included in Linear
Programming models.

In DEA literature, Charnes et a. (1990), among others, have used polyhedral convex
cones in the so-called weight-restricted DEA models (henceforth WR models). For a detailed
survey of WR models, see Allen et al. (1997). Despite the technica similarity, the WR
models should not be confused with the approach adopted in this paper. Firsly, WR modéds
use polyhedral convex cones to impose redtrictions on the marginal substitution rates of the
production set (2.1). By contrast, we deal with the assumptions about the input prices required
for measuring economic efficiency, rather than the structure of the production possibilities.
Secondly, WR models only focus on the most favourable substitution rates, whereas we
consider the least favourable prices (the lower bounds below) in addition to the most
favourable ones (the upper bounds below). Finally, WR models relate specificaly to the
empirical convex hull approximation by Banker et al. (1984). By contrast, we define bounds
relative to the true technology T, and show how empirical estimates can be obtained for various
empirical approximations, including non-convex ones.

To include uncertainty, we formulate production anaysis in terms of the Von
Neumann-Morgenstern (1967) Expected Utility Theory. More specifically, we assume that
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the evaluated DMU selects its production plan to maximise the expected value of a Von
Neumann-Morgenstern utility function U : A ® A! that is defined over profit, subject to the
technological constraints, and subject to the distribution of prices?®. The following
constrained maximisation problem represents the decision problem of the evaluated DMU:

(5) max{E(U (yp - xw))|(y, )1 T} .

Y, X

The purpose of efficiency analysisis to evaluate whether or not the choice of the
production variables was rational, maximising the expected utility function of the DMU.
First, notice that it is consistent with the Von Neumann-Morgenstern axioms to express
expected utility as follows:

©®  EU(yp- xw) =3 (yp- xw)F(pw).

D

Thus, analogousto (3), the DMU k maximises expected utility if and only if:

¥ mabe (Y - XW)TF (p.w) - @) (i P X WIIF (P W)|(y. )T Tg - 0.

Unfortunately, this can not be solved without imposing further assumptions
concerning the preference structure (U) and the distribution function (F). However, we intend
to impose minima distribution and preference assumptions, so as to preserve the
nonparametric nature of the standard framework. Therefore, we propose to use decision
criteria from the theory of stochastic dominance, which is atheory of choice under uncertainty
that has seen considerable theoretical development and empirical application in economicsin
the last decades®’. The most general form of stochastic dominance makes no assumptions with
respect to the form of the disturbance distribution. Furthermore, no specific functiona form for
decison-maker preferences is assumed. Rather, stochastic dominance relies on assumptions
about the general characteristics of decison-maker preferences. In this paper, we use the most
genera first-order stochastic dominance (henceforth FSD) criterion (Hadar and Russell,
1969). This criterion assumes that decision-makers maximise expected utility and, in
addition, that decision-makers are non-satiable, i.e. they prefer more to less.

In general, a distribution function G(z) stochastically dominates another distribution
function G,(2) by first-order, if and only if the former involves a probability of exceeding any

value for z greater than or equal to that of the latter (with inequality for at least one vaue for 2),
ie.:

25 | n this paper, we assume that input-output quantities are fully controllable. However, sometimesit is
necessary to include uncertainty for the quantities as well. For example, in the Bertrand (1883) oligopoly model,
DMUs set prices, and quantities are determined on the market. However, if DMUs can freely choose between
Bertrand and Cournot strategies, the resulting Nash equilibrium tends to be the Cournot equilibrium (Qin and
Stuart, 1997).

%’ For adetailed survey and analysis of the expected utility and stochastic dominance literature, see Levy (1992).
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8 G(@-G((@ "zl A

Here "' is used to denote the condition that '3 ' holds for the entire domain with >' holding
for at least some values of the domain.

In the production problem discussed above, prices are considered random variables.
Therefore, profit is a random variable with the following probability distribution:

©  P(yp- xwEp)= JF(P.W).

{(p, Wi D| v, p- X WEp}

Applying the FSD rule (8) to this distribution function, we find that the evaluated DMU is
stochastically dominated by first-order by some feasible production plan, if and only if:

(10) Ky, )1 T: JF (p.w) > JF(pw) "pT A"
{(owT Dy p-xwep}  {(p.w)i Djyp- xwep}
Consequently, anecessary condition for optimal production is:

I3 H
(11) max:'m'n.!’. dJiF(p,w) - (‘jTF(p,W)g(y, Jl T;/ =0

Y5 P f{owi ofycp-xwep}  {(pwl Dyp- wp) b

Similarly, the evaluated DMU stochastically dominates all feasible production plans if
and only if:

(12) JF(p.w) > JgF(pw) "pl A%yl T.

{(p.w)i D|yp- xwep} {(p. W1 D|y, p- % wEP}

Consequently, asufficient condition for optimal production is:

i
(y, )1 Ti, =0.
b

These rules do not require preference assumptions in addition to non-satiability.
However, they do require information on the distribution function F. However, the following
necessary condition for (11) can be obtained for an arbitrary distribution:

3 majmal  FFGW-  JF(pwW)
PP e ofyp- xowen) {(pwi Dlyp- e}

w

4 macminf(yp- - (v,p- xwl(p1 DY(y0T TE=0.

In other words, optimal behaviour requires that input-output vectors that yield higher profit
than the evaluated DMU at all possible price vectors are not attainable.

Similarly, the following sufficient condition for (13) can be obtained for an arbitrary
distribution:
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(15)  max{(yp- xw- (%p- xw|(p.w)T Dy, )1 T}=0

In other words, if the evaluated DMU yields the maximum profit at all possible price vectors,
it necessarily maximises expected utility.

Using duality theory, the following equivalent condition can be obtained for problem
(14):

(16)  max{e(st s)g(y- stx+s)l U;(y, )T Ti(s¢gT Armj=0.

y,X,sGs

Here U represents the following polyhedral convex cone:

3 o +ZA o
@) U=y A‘**méey‘.’ VT ALY
T - Xg & +ZBg g

This cone represents al input-output values that yield more profit than the evaluated DMU at
all pricesfrom D. It can be constructed from the restrictions that A and B impose on the
relative prices.

Proof Problem (14) embeds the following Linear Programming problem, using y* and x* for
the optimal solutions to the maximisation problem:

min{(y* p- x* W) - (y,p- ¥W|(p.W)1 D}=
minf(y* p- x*w)- (y,p- xw)[Ap + Bw? Gi(p.w)° e} .

The dual formulation of this problem is:

i xey*-sty. SNV
max!’e(stt s) y* 0, BT _,(s¢s)l AT Zi A'+y=
Nex | % % y
s.s.2% X 'Sg - X + By b

ns]gsx{e(sd: se(y*- sex* +s) U} .

Substituting this problem in (14), we find (16).?

Similarly, duality gives the following equivalent condition for (15):

(18) ”;33(‘{‘119{9(8‘? se(y- s¢x+s)T Vi(y, 01 T}‘(sflis)i Agﬂng:

Here V represents the following polyhedral convex cone:

19) V= 1(y,x)l Aq+m§eX§ ée
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This cone represents all input-output vectors that yield less profit than DMU k at al pricesin
D. Like U, it can be constructed from the restrictions that A and B impose on the relative
prices.

Proof Problem (15) embeds the following Linear Programming problem, using y* and x* for
the optimal solutions:

max{(y* p- x* W - (% p- xwj(p.w)l D} =
”ggvx{(y* p- X*W)- (Y, P- XW)|Ap+Bw3 0;(p,w)?3 e .

The dual formulation of this problem is:

i *- s - ZA
min) e(s¢ slg” gk
s52§ g X*-Sg & X, - ZB

" 2(st9)T AT™ 2l ALY =
5 b
max{e(s¢ s)g(y* - s¢x* +s)1 V} .

Substituting this problem in (15), we find (18). ?

Figures 1, 2 and 3 graphicaly illustrate the FSD conditions for a single input - single
output technology. Figure 1 illustrates the price domain used in this example as represented
by the polyhedral convex cone D. Figure 2 displays the production set T and the polyhedral
convex set U related to D. The shaded area represents the intersection of T and U. This
intersection represents the attainable input-output vectors that yield higher profit than DMU k
a al pricesincluded in D. Since this intersection is non-empty, DMU Kk is stochastically
dominated by first-order. Figure 3 displays the production set T and the polyhedral convex set
V. The shaded area represents the set of attainable input-output vectors that do not yield less
profit than DMU k at all pricesincluded in D. Since this set is non-empty, DMU k does not
satisfy the sufficient condition for optimal production.
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Output price (p)

Input price (w)

Figure 1: Example of price domain as represented by polyhedral convex cone
D.

>
= U
2
o}
@)
T
DMU k

Input(x)

Figure 2: The shaded area represents the intersection of the production set T
and the polyhedral cone U. This intersection represents the feasible
production plans that dominate DMU k in FSD sense.
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Output(y)

DMU k

/ Input(x)

Figure 3: The shaded area represents the set of attainable input-output vectors
that do not yield less profit than DMU k at all prices included in D.

These efficiency conditions have some important limiting cases. Obvioudly, if the
price domain is restricted to a unique price vector, i.e. D = (p,,w,), both condition (14) and

condition (15) are equivalent to the condition for Nerlovian profit efficiency (3). By contrast,

if the relative prices are completely unrestricted, i.e. A=0 and B =0, we find the following
condition for (16):

3 ¢ . ~ ~ l.l
(20) max.le(stt s Eey >0 g’yk %y, 01 Tists)i ATy =0.
xy.5%j X- Sg & X g b

Apart from the constant e, this condition is equivalent to the Koopmans condition for
technical efficiency (2). Therefore, the efficiency conditions by Koopmans and Nerlove

represent the limiting cases of the necessary condition for FSD efficiency, as illustrated by
Figure 4.
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Koopmans FSD Nerlove

Output (y)

Input (x)

Figure 4. Koopmans technical efficiency and Nerlovian profit efficiency as
limiting cases of the necessary condition for FSD efficiency.

4. Empirical tests

Resorting to the above FSD conditions can reduce the information requirement for the
preference structure and the price distribution. However, information on the production set is
still required. Unfortunately, one typically faces imperfect information on the production
possibilities in the empirical analysis of production data. However, empirical tests can be
obtained approximating the true production set by particular empirical production set
constructed from empirical data.

Various approximations can be employed, depending on the assumptions imposed on
the production set and the data used for approximating it. In Banker, Charnes and Cooper
(1984) three key assumptions were imposed. Firstly, the production set was assumed to
contain all observations, i.e.:

(21) (X, )IT.

Furthermore, the production set was assumed to satisfy free disposability, i.e.:

(22) (3/1:)(1)T TP ()’2’)(2)T T" (3/21)(2)T ATm: Yo £ Y% 3 Xy

Finally, the production set was assumed convey, i.e.:
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(23) (Y, X)T TP (7Y, I"™X)T T"1 :€l =111 A".

Banker et al. (1984) used the convex hull of observations as an empirical production
set. The convex hull satisfies the so-called minimum extrapolation principle, being the

smallest set in A 9™ consistent with the above assumptions. More formally, the following
empirical production set was used to approximate the true production set:

aeyo Yb .
ggg_ Te=2ITA %

This empirical production set has become the standard approximation for T in the
nonparametric literature. For example, it was used by Banker et al. (1984) and Charnes et al.
(1985), among others, for testing and measuring Koopmans' technical efficiency. In addition,
Varian (1984), Banker and Maindiratta (1988), and Fare and Grosskopf (1997), among
others, used it for testing and measuring Nerlovian profit efficiency.

(24) TBCC = | (y’ X)I AT

An attractive feature of the convex hull is that it can be used for assessing profit
efficiency even if the true production set does not satisfy free disposability and convexity. If
the true production set violates free disposability or convexity, the convex hull can contain
input-output vectors outside the production set. However, profit is concave and monotonic in
output and input. Therefore, the data set necessarily contains an observation that produces at
least as much profit as an arbitrary vector from the convex hull, i.e.:

(25 il s: Yi Py - XW 3 ypy - Xw (Y, X)EAT™IT AP

O _2l'Y ©

YO 2l Y 9y

- Xg & | X g

Therefore, the convex hull implicitly represents feasible profit levels. Consequently, the

production set may harmlessly violate free disposability and convexity, provided all
observations are contained within the same production set (21).

However, under uncertainty, the convex hull can approximate the production set only
if the latter truly is convex. This is because (25) does not imply that the convex hull contains
an observation that produces at least as much profit as an arbitrary vector at al prices from
the price domain. Therefore, the goodness of the convex hull depends on whether the
production set truly is convex or not. Convexity requires the production technology to exhibit
particular theoretical characteristics such as non-increasing marginal products and non-
increasing marginal rates of substitution and transformation (Madden, 1986). From empirical
point of view, little evidence on these theoretical characteristics has been presented (Brue,
1993). In case of violations, an alternative empirical production set is required. A number of
aternative sets that do not require convexity have been proposed in the DEA literature,
including Deprins, Simar, and Tulkens (1984), Petersen (1990), and Bogetoft (1996).

Figure 5 illustrates this point graphically. The shaded area represents the intersection
of the convex hull of the observations and the polyhedral cone U. This intersection is non-
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empty, so the necessary condition (16) implies DMU k has to be inefficient. However, the
intersection of U and the true, non-convex production set T is empty. Thus, DMU k can
actually maximise expected utility. Therefore, if T is non-convex, the convex hull
approximation may lead to erroneous conclusions.

Output(y)

Input(x)

Figure 5. The shaded area represents the intersection of the convex hull of
observations and the polyhedral cone U. This intersection is non-empty,
falsely implying inefficiency of DMU k.

In contrast to convexity, free disposability can be imposed without harm. This is
because the data set necessarily contains an observation that yields at least as much profit, at

al possible prices, as an arbitrary feasible input-output vector that produces less output and
uses more input than the observation, i.e.:

y
- X

(26) $j1 S: Y;p- X;w? yp- xw" (p,w)T D;(y,x)T T:

&IIO:

g5
The smallest subset of A%™ consistent with the assumptions of containment of

observations (21) and free disposability (22) is the so-called Free Disposable Hull (henceforth

FDH) set by Deprins et al. (1984) (see also Tulkens, 1993). More formally, the FDH set can
be represented by:

QIIO:

ey 0_el 'Y 0

N P il
27)  Teon =i(y,X)T AT o —'| I.1{03;jT Sy
(27) FDH %(y X) g g TX e=Ll ;1 {0%;]j %

g-l
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Substituting that set for the true production set in the necessary FSD condition (16)
gives the following empirical condition:

(28) max{ (s¢ s)e*(y- sEx+8)T U; (v, )1 Ty (sE9)T AT”‘}:OU

y,X,sts

ael Y - s¢o ey, + - - I R

! S o .
maxes¢s Ie 1,1 {03 jI S(s¢s)l AT™; 2zl
I s¢sz; ( g | TX - SIZ - X +ZBg L { 1} J ( ¢ )

b
g
o
1
(@)

If the observations are contained within the production set, this measure gives a necessary
condition for optimal production under uncertainty.

Similarly, substituting the FDH set for the true production set in the sufficient FSD
condition (15) gives the following empirical condition:

(29) max{(yp- xw)- (yp- xWl(PW)T Di(yX)T Tron}=00

max{(l "Yp- 1 TXW)- (Y, P- %W)|Ap- Bw? G p,w3 el Te=1l T {03 jT S}=0.

| ,sts,z

Since the FDH set typically is smaller than the true production set, this condition does not
give a sufficient condition for optimal production. However, it does give a sufficient
condition for dominance over all observations in the sample. Solving a Mixed Integer-Linear
Programming problem for each DMU can check these conditions.

Output(y)

Input(x)

Figure 6: The shaded area represents the intersection of the FDH production
set and the polyhedral cone U. Although DMU k produces on the frontier of the
true technology, it does not maximize expected utility as there exist observed
points that yield higher profit at all possible prices.
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Figure 6 illustrates the application of the FDH set to test the empirical FSD condition
(28). The shaded area represents the intersection of the FDH production set and the
polyhedral cone U. Although DMU k produces on the frontier of the true technology, and
hence is Koopmans efficient, it does not maximize expected utility as there exist observed
points that yield higher profit at all possible prices

5. Concluding remarks

We have presented an approach based on first-order stochastic dominance that
extends the nonparametric efficiency analysis to deal with uncertainty related to input-output
prices. We have derived necessary and sufficient first-order stochastic dominance conditions
that production vectors must satisfy in order to maximise expected utility. Interestingly, the
necessary FSD efficiency condition contains the well-established conditions for Koopmans
technical efficiency and Nerlovian profit efficiency asits limiting cases.

In addition, we have discussed empirical conditions that can test whether observed
behaviour is consistent with expected utility maximisation. These conditions can be checked
using standard mathematical programming techniques. A complication for testing FSD
empirically is that convexity for the production set cannot be assumed without harm.
Therefore, if violations of convexity are anticipated, the FDH set is preferred to the convex
hull, which is typically used for testing profit efficiency conditions. From a methodological
point of view, the approach adopted in this paper provides a powerful economic justification
for the FDH approximation of technology set. We believe a substantial proportion of the
appea related to the convex monotone hull is due to the well-known economic
underpinnings, i.e. the property (25). One important implication of this paper is that the
convenient microeconomic properties of the convex monotone hull can be serioudly inflated
in acase of price uncertainty.

Nevertheless, it should be understood that the FSD approach is not limited to
particular empirical production sets. Alternative empirical approximations or estimations
could be used, depending on the purposes of the application and the available information on
the production rel ationships.

In this paper, we assumed that input-output quantities are controllable, and we only
considered uncertainty related to the input-output prices. However, in some cases, including
Bertrand competition, it is necessary to include uncertainty for the quantities as well.
Therefore, the inclusion of uncertainty for the input-output variables is an interesting route
for future research. Furthermore, we only discussed testing efficiency of individual DMUS,
given a specific theoretical or empirical production set. However, the problem can be easily
turned around to test properties of the production set, given the set of efficient DMUS, as in
Varian (1984).

To preserve the applicability related to the established nonparametric tools, we
deliberately avoided imposing assumptions that could be considered restrictive in any sense.
Resorting to first order stochastic dominance allowed us to effectively reduce the information
requirement on the utility function and price distributions. However, in principle nothing
prevents one to apply higher-order stochastic dominance rules. Higher order criteria involve
more discriminating power than lower order ones, because they induce a larger reduction of
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the set of not-dominated choice alternatives. Nevertheless, that power has to be balanced
against the stringency of the preference imposed assumptions (e.g. risk aversion for second-
order stochastic dominance and decreasing absolute risk aversion for third-order stochastic
dominance). Still, extending the FSD approach towards higher-order criteria is another
interesting challenge for future research.

References

Allen, R., A. D. Athanassopoulos, R.G. Dyson and E. Thanassoulis (1997): Weight
Restrictions and Vaue Judgements in DEA: Evolution, Development and Future Directions.
Annals of Operations Research 73, 13-34.

Banker, R.D., Charnes, A., and W. W. Cooper (1984): Some Modes for Estimating
Technical and Scale Inefficiencies in Data Envelopment Analysis, Management Science 30,
No. 9, 1078 - 1092

Banker, R.D. and A. Maindiratta (1988): Nonparametric Analysis of Technica and
Allocative Efficiencies in Production, Econometrica 56 (6), 1315-1332.

Bertrand, J. (1883): Théorie Mathématique de la Richesse Sociale, Journal des Savants, 499 -
508

Bogetoft, P. (1996): DEA on Relaxed Convexity Assumptions, Management Science 42, 457-
465.

Brue, SLL. (1993): Retrospectives. The Law of Diminishing Returns, Journal of Economic
Perspectives, 7 (3), 185-192.

Charnes, A., W. Cooper, Z. M. Huang and D. B. Sun (1990): Polyhedral Cone-ratio DEA
Models with an |Illustrative Application to Large Commerciad Banks, Journal of
Econometrics 46, 73-91.

Charnes, A., W. Cooper, and E. Rhodes (1978): Measuring the Efficiency of Decision
Making Units, European Journal of Operational Research 2, 429 - 444

Charnes, A., W. Cooper, B. Golany, L. Seiford, J. Stutz (1985): Foundations of Data
Envelopment Analysis for Pareto-Koopmans Efficient Empirical Production Functions,
Journal of Econometrics, 30, No. 1, 91 — 107

Cournot, A. (1838): Recherches sur les Principes Mathématiques de la Théorie des
Richesses. English edition: Researches into the Mathematical Principles of the Theory of
Wealth, Edited by N. Bacon, New Y ork, Macmillan

Debreu, G. (1951): The Coefficient of the Resource Utilization, Econometrica 19 (3), 273 -
292

Deprins, D., D. Simar, H. Tulkens (1984): Measuring Labor Efficiency in Post Offices, p.

243 - 267 in M. Marchand, P. Pestieau and H. Tulkens (Eds.),, The Performance of Public
Enterprises: Concepts and Measurements, North Holland

102



Farrell, M. J. (1957): The Measurement of Productive Efficiency, Journal of the Royal
Statistical Society Series A 120 (3), 253 - 281

Fare, R., and S. Grosskopf (1997): Profit efficiency, Farrell decompositions and the Mahler
inequality, Economics Letters 57, 283-287

Hadar, J. and W. R. Russdll (1969): Rules for Ordering Uncertain Prospects, American
Economic Review 59, 25-34.

Levy, H. (1992): Stochastic Dominance and Expected Utility: Survey and Anayss,
Management Science 38 (4), 555-593.

Koopmans, T. (1951): Activity Analysis of Production and Allocation, John Wiley & Sons
Inc., New York

Madden, P. (1986) 'Concavity and Optimisation in Microeconomics, ISBN 0-631-14192-8.

Neumann, J. Von, and O. Morgenstern (1967): Theory of games and economic behaviour,
Wiley, New York.

Nerlove, M. (1965): Estimation and Identification of Cobb-Douglas Production Functions,
Rand McNally, Chicago, Illinois.

Petersen, N. C. (1990): Data Envelopment Anadyss on a Relaxed Set of Assumptions.
Management Science, vol. 36 (3), 305-314.

Qin, C.-Z., and Stuart, C. (1997): Bertrand versus Cournot revisited, Economic Theory, vol.
10 (3), 497-507

Tulkens, H. (1993): On FDH Efficiency Anaysis. Some Methodological Issues and
Application to Retail Banking, Courts, and Urban Transit, The Journal of Productivity
Analysis, 4, No. 1, 183-210

Varian, H (1984): The Nonparametric Approach to Production Analysis, Econometrica 52
(3), 579-597.

103



Appendix 1: Errata

We have identified the following errors in the origina articles.

Article II:
Some typing errors are noted:

On p. 53, Section 2, 1¥ paragraph. "The second difference is that Fare and Svensson phrased
their definition in terms of (single-input) production functions...". This should read [(single-
output) production functions).

p. 55, Section 4, 39 paragraph. "It therefore seems more meaningful to compare alternative
DEA models on the level of the assumptions..." [at the level of the assumptions).

Article IlI:

P. 60, Section 2, 1% paragraph. "Note that this congestion adjustment is harmless as far as the
usua (Pareto-Koopmans or Debreu-Farrell) notions of technical efficiency are concerned.”
This statement is true as for the Pareto-K oopmans notion of technical efficiency, but not so in
the case of Debreu-Farrell notion. See Article 11 for further details.

P. 63, References. The paper by Diewert was published in 1982 as stated in the text, not in
1978 as claimed in the list of references.

Article IV:

Firstly, an annoying technical error. We are grateful to Professor Niels-Christian Petersen for
pointing out this technical error in his pre-examination report of this dissertation.

From Article IV (p. 71):
"The price domain cone W involves two sets that are interesting from an economic

perspective, and that will prove helpful for approximating economic efficiency. [...] The
second set contains al input vectors associated with a nonnegative cost at some pricesin W:

33 WY :{XT Ad|swi W :xws 0 }
In Article IV we assumed that this set is equivalent to the following set:
WY ={xT Aq|x3 aA;il L;as3 O} ,

and proceeded to derive Proof 3.2 and empirical estimator (4.7), formulated in terms of this
set. Unfortunately, the two sets are not equivalent. Example: Consider a case with two inputs

and suppose A=0, which implies that WY =A?. Consider the input vector x=(-1 1).
Clearly, x does not belong to the set WY = A 9. Yet, xI W' since there exist feasible prices
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at which the cost is positive, eg. x=(0 1). It follows that Proof 3.2 (associated with
Theorem 3.2 which still is correct) and the empirical estimator (4.7) are incorrect.

To correct this problem, we can introduce the following alternative set:
wY ={XT Adlx3aA "al ALl L}.

In Kuosmanen and Post (2001) we present a revised proof of the Lower Bound Theorem 3.2,,
which implies that this set is equivalent to (3.3).

To facilitate empirica application, we proposed an enumerative Linear Programming
procedure for computing the empirical estimator CE' (x,y;W) relative to the Free

Disposable Hull (FDH) input set L., (Y) :{xT AdlyEY ;%3 x;jl % We next briefly
outline a revised algorithm to correct the error identified above.

To characterize that reference technology, the original article first identified (by enumeration)
the subset of observed production plans that yield output vectors greater than or equal to v,

i.e c(y):{ij X|yj3 y} (For notational convenience, in Article IV c(y) was used
interchangeably for this discrete set of input vectors, and the matrix consisting of these
vectors.) Sincethe set c(y) necessarily includes all the extreme points of I:FDH(y), the lower
bound estimator CE "+ (x, y;W) can equivaently be written in terms of this set as

Lron . — inEmni ) = 9
CE "™ (x y:W) = minZmin { x,wpaw J}b-

We can next safely reserve the order of the two minimization problems:

CE"" (x,y;W) = min (rvajin{xjw|xw:1}) .

x;lc(y) w

Thus, the lower bound estimator can be easily computed by the following simple algorithm:
1) Identify the input set c(y) by enumeration. 2) Solve the embedded LP problems

rxlji\p{xjw|xw:1} for each x,T c(y). 3) Select the minimum of the optimal solutions to

those problems.

Note: In large-scale applications, the computation burden can be reduced by using additional
information (e.g. from technical efficiency classifications, or cost efficiency upper bounds) to
decrease the size of c(y) by éiminating al 'inefficient’ observations that cannot solve the

subsequent minimization problem in Step 3.

To conclude, we happily noticed that actually the correct algorithm outlined above was
originally used for computing the lower bound estimates in the empirical application
presented in Article IV. The error with the input set was introduced in one of the subsequent
revisions.
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Finally, there is an error in the references concerning the forthcoming papers Kuosmanen
(2000) and Post (2000). Both are scheduled for publication in 2001.

Article V:

p. 101, Section 5, 4" paragraph: "In this paper, we assumed that input-output quantities are
controllable, and we only considered uncertainty related to the input-output prices. However,
in some cases, including Bertrand competition, it is necessary to include uncertainty for the
quantities as well." This remark on Bertrand competition takes a shortcut, which may appear
confusing. Actually, the case of Bertrand competition does not directly relate to the quantity
uncertainty at al. It merely points to the fact that in some stuations it may be more
appropriate to model the prices (rather than quantities) as decision variables, while the
demanded/supplied quantities would be determined by the market forces. In such a setting, it
might be reasonable to associate the uncertainty to the quantities.
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Appendix 2: Examples

Details of the two examples discussed in Article 1.

Example 1:
DMU Outputy (Input x;  |Input x»
1 2 1 2
2 2 2 2
3 2 2 1
4 2 1 3
5 2 1 4
6 2 3 1.25
7 2 4 1.25
X2 5 -
4 -
3 -
2 -
l -
O T T T T 1
0 1 2 3 4 5

x1

Source: Fére, R., S. Grosskopf, and C.A.K. Lovell (1985): The Measurement of Efficiency of
Production, Kluwer Academic Publishers, Boston
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Example 2:

DMU Outputy (Input x;  |Input x»
A 1 5 1
B 1 1 5
C 1 5 10
D 1 0 5
G 1 5 7.5
R 10 5 5
12 q
C(5,10)

D(10,5)

12
X1

Source: Brockett, P.L., W.W. Cooper, H.C. Shin, and Y. Wang (1998): Inefficiency and
Congestion in Chinese Production Before and After the 1978 Economic Reforms, Socio-
Economic Planning Sciences 32, 1-20
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