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Abstract:
We derive a general enumeration algorithm for computing directional distance
functions relative to Free Disposable Hull (FDH) technologies. This general
algorithm extends the enumeration schemes by Tulkens (1993) to alternative
directions of measurement. The use of the proposed algorithm is illustrated by a
simple numerical example.
Key Words: Free Disposable Hull (FDH), directional distance function,
enumeration

1. Introduction

Free Disposable Hull (FDH) (Deprins et al., 1984) is a well-known empirical
approximation of the production possibility set, which is based on minimal
assumptions concerning the properties of the true but unobservable production set.
In contrast to the popular Data Envelopment Analysis (DEA: Charnes et al., 1978)
models, FDH is not restricted to convex technologies but applies to all monotonous
ones. This is particularly convenient, given that it is frequently difficult to find a
good theoretical or empirical justification for convexity (see e.g. Cherchye et al.
(2000)).

One reservation often related to the practical implementation of FDH is the non-
linear nature of the associated programming problems. DEA models can typically be
solved through standard Linear Programming techniques. By contrast, FDH models
generally require Mixed Integer Programming, which is more costly from a
computational point of view. To remedy this problem, Tulkens (1993) introduced
simple but effective enumeration algorithms for the classical Debreu-Farrell input
and output measures.1 These enumeration algorithms have proved useful and
economical in many research situations, most notably in computationally hard
simulation studies.

Recently, Chambers, Chung and Färe (1996,1998; see also Luenberger, 1992) have
extended the usual notions of input and output distance functions by a generally
formulated directional distance function. Attractively, this directional distance
function encompasses a number of interesting efficiency gauges as special cases,
most notably the classical Debreu-Farrell input and output measures and the
McFadden (1978) gauge function. The general directional distance function
formulation has already made inroads to various DEA applications (see e.g. Halme
et al. (1999), and Halme and Korhonen (1999)). However, we have thus far not seen
any application that uses the directional distance function with respect to the FDH
set. To some extent this might be due to the computational burden associated with
Mixed Integer Programming.

In this paper we extend the FDH enumeration possibilities by developing a general
enumeration algorithm for computing values of the directional distance function
relative to the FDH technology. Our formulation contains the earlier input and
                                                       
1 In a survey conducted among DEA experts by Seiford (1996), Tulkens’ (1993) article was
frequently mentioned as one of the most influential DEA papers.
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output oriented enumeration schemes by Tulkens (1993) as its special cases, and
hence can be viewed as a generalization of these schemes.

The rest of the paper unfolds as follows. In the next section we introduce the
necessary notation and define the basic concepts. We also extend the dual
interpretation of the directional distance function to the FDH approximation. In
section 3 we derive the enumeration formula. In Section 4 we illustrate the
usefulness of the proposed formula by a simple numerical example. Section 5
summarizes our conclusions.

2.  Preliminaries

The standard input distance function by Shephard (1953) is defined as

(1) { }, /(),( T)y,xSupxyDT ∈= θθ
θ

where T is the production possibility set

(2) { }. output  produce caninput ),( mllm yxxyT ++
+

+ ℜ∈ℜ∈ℜ∈=

The frequently employed Debreu-Farrell input efficiency measure is simply the
inverse of (1). A more general distance metric, which contains (1) as its special case,
is the directional distance function that has been introduced by Chambers et al.
(1996, 1998). These authors propose to measure distance to the production frontier
in some pre-assigned input-output direction lmxy gg +ℜ∈),( . This directional

distance function can be defined as

(3)  { }. ),(),;,( TgxgySupggxy xyxy
T ∈−+= θθθδ

θ

The input distance function (1) is obtained from (3) as
1)),0;,(1(),( −−= xxyxyD TT δ . Similarly, the corresponding output distance

function is obtained as )0,;,(1 yxyTδ+ , whereas the McFadden (1978) gauge

function is obtained as 1)),;,(1( −−+ xyxyTδ .

In empirical studies, the production set T is typically unknown. In the nonparametric
literature, empirical approximations for T are constructed from a set of observations
drawn from the technology. The production data is henceforth represented by the
output matrix TnyyY )...( 1= , with )( 1

j
l

jj yyy ⋅⋅⋅= , and the input matrix
TnxxX )...( 1= , with )( 1

j
m

jj xxx ⋅⋅⋅= . In addition, we use the index sets },...,1{ lL =
for inputs, },...,1{ mM =  for outputs, and },...,1{ nS =  for production units.

The FDH approximation is obtained from two minimal assumptions about T. First, T
is assumed to envelop all observed data. Second, T is assumed monotonous, i.e. all
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inputs and outputs are freely (or strongly) disposable. In other words, the marginal
products of inputs, marginal rates of substitution between inputs, and marginal rates
of transformation between outputs are assumed to be non-negative. Of course,
congestion of production factors can violate this assumption. But as Färe and
Grosskopf (1983) have pointed out, imposing monotonicity can be interpreted as a
congestion adjustment to the production set, i.e. distance functions for 'monotonized'
technologies include both pure technical efficiency and congestion components.
Alternatively, monotonicity can be motivated by the fact that it does not interfere
with the Pareto-Koopmans classification of technical efficiency.

The minimal set that complies with these two assumptions gives the FDH
approximation, formally defined as

(4) { }. }1,0{;1;;),(ˆ , SjeYyXxxyT jXY
FDH ∈∀∈=≤≥= λλλλ

Note the similarity between FDHT̂  and the frequently employed convex monotone
hull, which differs from FDH only in that it allows for convex combinations of
production plans. Specifically, we obtain the convex monotone hull from (4) by
substituting the constraint Sjj ∈∀∈ }1,0{λ  by 0≥λ .

Distance functions and efficiency gauges can be measured relative to the FDH
approximation when the true technology is unknown. For instance, substituting T by
the empirical FDH approximation in (3) gives the following empirical distance
function for some direction lmxy gg +ℜ∈),(

(5) { }. }1,0{;1;;

),;,(ˆ ,

SjeYgyXgxSup

ggxy
jyx

xyXY
FDH

∈∀∈=≤+≥−

=

λλλθλθθ

δ

θ

Provided that the assumptions of envelopment and monotonicity are satisfied, the

FDH set is contained within the true production set, i.e. TT XY
FDH ⊆,ˆ , and consequently

),;,(),;,(ˆ , xy
T

xyXY
FDH ggxyggxy δδ ≤  for all ),( xy gg  and Txy ∈),( . In other

words, using the FDH approximation gives a lower bound for the true distance
function value, which is an important property for many practical purposes.

One of the attractive features of the standard input distance function is its dual
interpretation in terms of cost efficiency. Chambers et al. (1998) derived a similar
dual interpretation of the directional distance function as a normalised profit
difference. However, these authors restricted attention to convex technologies. We
here extend this result for the monotonous but non-convex FDH set.

We start from expression (5), which can equivalently be expressed as

(6) { } . ;),;,(ˆ ,





 −≤−≤=

∈
yygxxgSupSupggxy jyjx

Sj

xyXY
FDH θθθδ

θ



5

This clearly reveals that the directional distance function could also be computed by
solving n linear programming problems (one for each Sj ∈ ). Using duality theory,
one could also express the embedded problem for each Sj ∈  as

(7) 

{ }

( )
( ) ( ){ }. 1

;

,

=+−+−=

−≤−≤

+
+ℜ∈

yxjj

jyjx

ggyyxxInf

yygxxgSup

lm

νµνµ

θθθ

νµ

θ

As a result, we can re-express (6) as

(8) 

( )
( ) ( ){ } . 1

),;,(ˆ

,








=+−−−=

+
+ℜ∈∈

yxjj

Sj

xyY,X
FDH

ggxyxyInfSup

ggxy
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νµµνµν

δ
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This expression yields an economic interpretation of the FDH distance function as a
normalised difference between reference and actual profit.2 It is to be recalled that
FDH can account for a broad range of (possibly non-linear) objective functions (see
e.g. Cherchye et al. (2000) and Wunsch (1996)).3 Evidently, due to the specific
construction of the FDH reference set, all shadow weight will usually be attributed
to only one input or output (i.e. only one component of the vector ( )νµ,  will be
strictly positive). However, if some additional information about possible (relative)
price, cost or revenue levels is available, one could integrate weights restrictions in
problem (8) (see e.g. Pedraja-Chaparro, Salinas-Jimenez and Smith (1997) for a
recent overview of alternatives).

Another attractive feature of the FDH set from a practical point of view is that for
each inefficient producer a physically existing efficient reference unit can be
identified that proves superior in all input and output dimensions, which is not
generally true for the standard DEA models. However, the constraint

Sjj ∈∀∈ }1,0{λ  that distinguishes FDH from convex DEA models also causes
computational inconvenience. In general, computing FDH-based distance functions
involves Mixed Integer Programming. To remedy this problem, Tulkens (1993) has
provided a simple but effective enumeration algorithm for the input and output
distance functions. In this procedure, the set of observations weakly dominating
observation k is used as the reference set of k, i.e.

(9) { } .  ;),( kikikk xxyySixyR ≤≥∈=

Following Tulkens (1993), the input distance function can be computed as
                                                       
2 Chambers et al. (1998) obtained an Inf-Sup structure whereas we obtain a Sup-Inf structure. Indeed,
when the technology would be truly convex then the order of the Inf and Sup operators could be
reversed.
3 Of course, the precise interpretation of distance function in a more general setting depends on
whether -and in what sense- the objective function value reacts in a homogenous way to input and
output changes. The appropriate homogeneity condition further depends on the direction vector.
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(10) 
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MinMaxxyD

kk ,

, ),(ˆ .

This can be solved easily by enumeration.

For a similar formulation for the output distance function, see Tulkens (1993). In the
next section we extend this enumerative principle to the more general directional
distance function.

3. General enumeration formula

Note first that the value of the directional distance function for a production vector
contained within the production set lies in the half-open interval [ )∞,0 , and hence
need not necessarily be finite. The following lemma characterizes the conditions for
existence of a finite real-valued solution.

Lemma 1: Let Y and X represent input and output matrices composed of

nonnegative real numbers. For any real-valued ∈ ),( xy XY
FDHT ,ˆ , the value of the

distance function  ),;,(ˆ , xyXY
FDH ggxyδ will be a finite nonnegative real number, if at

least one component of the direction vector  ),( xy gg  is strictly positive. Otherwise,

 ),;,(ˆ , xyXY
FDH ggxyδ will be infinitely large.

PROOF: The reference set XY
FDHT ,ˆ  is bounded from above in output space by the vector

Sj yY j ∈∀≥   and is bounded from below in input space by the vector

Sj xX j ∈∀≤  . If there exists an output direction k with  y
kg > 0, then the condition

k
y
kk Ygy ≤+ϑ  is satisfied only for a finite nonnegative ϑ . Alternatively, if there

exists an input direction i with  x
ig > 0, then the condition i

x
ii Xgx ≥−ϑ  is satisfied

only for a finite nonnegative ϑ . As XY
FDHT ,ˆ  is contained within ( )ml XY ++ ℜ−ℜ+ , , we

thus have that  ),;,(ˆ , xyXY
FDH ggxyδ ϑ≤ , andϑ  was already shown to be a finite

nonnegative real number if at least one component of the vector  ),( xy gg  is strictly
positive.

By contrast, if 0 ),( ≤xy gg , then the inequalities ygy y ≤+ θ  and xgx x ≥− θ  hold

for all ( )∈xy, XY
FDHT ,ˆ  and 0>θ . Indeed, free disposability implies that

,( ygy θ+ )xgx θ− XY
FDHT ,ˆ∈  for all 0>θ , and  ),;,(ˆ , xyXY

FDH ggxyδ will consequently

become infinitely large. Q.E.D.

Suppose that we evaluate a vector ∈ ),( xy XY
FDHT ,ˆ , and that at least one element of the

direction vectors is strictly positive, which by Lemma 1 suffices to guarantee that
the distance function value is computable. This allows us to write (6) equivalently as
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(11) { }. ;),;,(ˆ
;      

, jxjy

Sj

xyXY
FDH xgxygyMaxggxy ≥−≤+=

∈ℜ∈
θθθδ

θ

We can now prove the following:

Proposition 1: Let Y and X represent input and output matrices composed of

nonnegative real numbers, and let ∈ ),( xy XY
FDHT ,ˆ . If at least one component of the

direction vector  ),( xy gg  is strictly positive, we have:

(i)  ),;,(ˆ , xyXY
FDH ggxyδ j

ggxyQj xy
Max α

),;,(∈
= ,

where

{ }LigxxMkgyySjggxyQ x
i

j
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y
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j
k

xy ∈=∀≥−∈=∀≥−∈= ,0  0;,0 0),;,( ,
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<
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=
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


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
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

 −
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





 −
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j
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gLi
y
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k
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x
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y
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
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
<∈∨<∈∃
















 −






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0:0: if ,,
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x
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y
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j
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y
k

k
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j gLigMk

g
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Max

g
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MaxMax

x
i

y
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PROOF: If 0=y
kg , then the restriction j

k
y
kk ygy ≤+ θ  reduces to j

kk yy ≤ . Similarly,

if 0=x
ig , then j

i
x
ii xgx ≥− θ  reduces to j

ii xx ≥ . Hence, the reference unit is

restricted to the DMUs in ),;,( xy ggxyQ . In addition, the restrictions
j

k
y
kk ygy ≤+θ , 0: >∈ y

kgMk , and j
i

x
ii xgx ≥−θ , 0: >∈ x

igLi , can be expressed

as jβθ ≤ . Similarly, the restrictions j
k

y
kk ygy ≤+θ , 0: <∈ y

kgMk , and
j

i
x
ii xgx ≥−θ , 0: <∈ x

igLi , can be expressed as jγθ ≥ . Combining these insights

gives

(ii) { }. ),;,(ˆ
),(;      

, jj

yxQj

xyXY
FDH Maxggxy βθγθδ

θ
≤≤=

∈ℜ∈

If jj βγ ≤ , the solution is simply jβ . By contrast, if jj βγ > , there is no feasible

solution for observation j. However, in this case jα  can harmlessly be set equal to

zero since that is the minimal distance secured by the assumption ∈ ),( xy XY
FDHT ,ˆ .

Combining these insights, we find that (ii) equals (i). Q.E.D.

The problem (i) in Proposition 1 can be easily solved by enumeration. Note that in
case the direction vector  ),( xy gg  is strictly positive, the reference set
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),;,( xy ggxyQ  = S and Sjj ∈∀= 0γ , so the problem (i) reduces to j

Sj
Max β

∈
. From

this expression, the analogy with the Tulkens formulation (10) should be evident.

4. A Numerical Example

We illustrate the practical use of the general enumeration formulation (12) by a
simple numerical example. Consider the single-input single-output data set of 9
DMUs reported in Table 1. It should be clear, however, that the enumeration
algorithm applies with equal strength to situations with multiple inputs and outputs.

Table 1: The example data set
Observation j A B C D E F G H I
Input x 3 6 4 6 5 8 12 14 18
Output y 4 5 6 7 8 9 11 13 14

For sake of brevity, we focus on observation B.  To illustrate the use of enumeration
for other measures than the standard Debreu-Farrell ones, we consider the direction
vector )6,5(),( −=xy gg . That is, we look for the maximal radial augmentation of
both the input and the output of B. This direction corresponds to the McFadden
gauge function (see Section 2). A GAUSS computer code for calculating the values
of this gauge function by enumeration is reported in Appendix.
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Figure 1: McFadden gauge of B relative to FDH

Figure 1 illustrates the McFadden projection procedure for observation B relative to
the FDH set. Computation of the McFadden gauge function is a relatively
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challenging task. Figure 1 makes clear that the optimal reference production plan H
does not dominate observation B in the input dimension. Observe further that the
gauge function has two additional local optima (observations F and G) that are
dominated by the global optimum H. This feature may render some interior point
MILP algorithms useless.

As the direction vector is composed of non-zero elements, the reference set Q
includes all observations. Table 2 reports the auxiliary indicators α j, β j, and γ j , j =
A,…, I  used in the enumeration. Recall that β involves the positive directions (here
output) and γ involves the negative directions (here input). Specifically, γ j is
obtained as (6 - x j) / -6, that is the normalized difference between the inputs of
observation B and observation j. Similarly, β j is obtained as (y j - 5) / 5, that is the
normalized difference between the outputs of observation j and observation B. In the
bottom row, α j equals β j if β j ≥ γ j, otherwise α j is set equal to zero. In this
example, only for observation I β I < γ I (compare to Figure 1). The value of distance
function is then simply computed as the maximum of α j in the bottom row. It yields
8/5, obtained relative to observation H.

Table 2: Auxiliary indicators for enumeration
Observation j A B C D E F G H I
γ  j -1/2 0 -1/3 0 -1/6 1/3 1 4/3 2
β j - 1/5 0 1/5 2/5 3/5 4/5 6/5 8/5 9/5
α j - 1/5 0 1/5 2/5 3/5 4/5 6/5 8/5 0

5. Conclusions

We have derived a general enumeration formula for computing directional distance
functions relative to the FDH reference technology. This enumeration formula can
compute distance functions in any meaningful direction by enumeration, and hence
avoids having to solve computationally very demanding Mixed Integer
Programming problems that are usually associated with the FDH approximation.
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APPENDIX

In this appendix we present a GAUSS computer code for computing
( ) Sjxyxy jjjjXY

FDH ∈−,;,,δ .

PROC(1)=McFadden(Y,X);

LOCAL a,b,c,d,e,j,n;

n=ROWS(X);
d=ONES(n,1)*9999;
j=1;
DO WHILE j .LE n;

    b=MINC(((Y-Y[j])./Y[j])');
    c=MAXC(((X-X[j])./X[j])');
    e=b~c;
    e=SELIF(e, e[.,1] .GE e[.,2]);
    a=e[.,1];
    d[j]=MAXC(a);
    j=i+1;

ENDO;
RETP(d);
ENDP;

The explanation proceeds as follows. The vector d  contains the directional distance
function value for each observation Sj ∈ , i.e.

TnnnnXY
FDH

XY
FDH xyxyxyxy )),;,(ˆ),;,(ˆ(d ,1111, −−= δδ L . In addition, we use the

following notation: Tnb )( 1 ββ L=  and Tnc )( 1 γγ L= . Finally, ( )cbe =  is an

auxiliary matrix, used to construct a, which is a column vector containing jα  for all
observations for which jj γβ ≥ .


