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1. Introduction

The theory of production dfers awide variety of aternative models for representing the
produwction passhiliti es. Data requirement of alternative models differ: Diredly production
oriented models focus on the inpu-output quantities, while econamists often prefer to study
monetary price, cost, revenue, and/or profit data. Rooted in the semina work of Hotelling
(1932 and espedally Shephard (1953, 1970and 1974), Duality Theory of production dfers
an axiomatic framework that links aternative models in a systematic, rigorous fashion.*
Although Duality Theory isaformal axiomatic system void of empiricdly testable hypotheses,
it is more than a mere dassficaion system.? It has powerful methoddogicd implications,
which has deservedly earned paramourt appreciation among applied econamists. A prime
example is the possbility to derive techndogicd properties (like scale or substitution
elasticities) indiredly from monetary price and profit (or cost/revenue) data, withou physicd
guantity/volume data needed to estimate production functions or other techndogy
representations. Another major thrust of Duality Theory comes from analysis of inpu demand
and ouput suppdy using such famous results as Hotellings lemma, Roy's identity, and
Shephard's lemma. From practicd/applied perspedive, acoommodating joint production (i.e.,
multiple-input multiple-output techndogies) in traditional regresson anaysis using cost,
revenue, and pofit functions as dual representations of tedindogy has been ore major
pradicd benefit of Duality Theory, among many others.

Generdlity of Duality Theory is one of its distinct strengths. The modern Duality Theory
can effectively ded with multi ple-input multi ple-output techndogies, withou restricting to any
particular function forms or parametric structures in its production and econamic models. In
some other important dimensions, however, the scope of Duality Theory is rather limited: (1)
Duality Theory offers a static view on the firm. The subtle dynamics of production are dmost
always ignaed (a notable exception is Fare, 197). (2) The econanic models of Duality
Theory focus on the price-taking firm, assuming away any dependence between the volume of
transadion and the price (3) Duality Theory usually assumes the full certainty both in its
eoonamic and production models, thus ignoring the various risks and urcertainties related to
the outcomes of the physicd production processs as well as the market medhanisms, and the
firms willi ngness and ability to bear them. (4) The production models of Duality Theory
always assume onwvexity in one form or anather. To link an extensive lledion d ecnamic
models and production models together in the powerful “duality diamond” (Fére and Primornt,
1994, 1995 Duality Theory requires the entire production pcsshility set to be mnvex.

| personally find the fourth limitation the most ‘troulding’ one. For its convenience | can
live with the aude static model of the risk-neutral price-taking firm as a reasonable
approximation applicable for many pradicd purposes. After al, the problem of data
avail ability often serves as a natural barrier for empirical applications where this neoclasscal
view is grosdy violated. Perhaps most importantly, we e@namists are generaly well equipped
with necessary conceptual tools and training for evaluating the market structure and its gedal
feaures, which might cdl uponrefinements to the neoclasscd model, even its rgjedion. By

! In economic theory, the production duality has a dired analogy with the duality theory of consumption and
demand analysis, see eg. Diewert (1974 1982). From mathematicd point of view, most ecnomic gplications of

duality theory apply the theorem by Minkowski (1911), stating that every closed convex set in R™ can be
charaderized as the intersedion of its supparting half-spaces.

%2 To quote Eggleston (1958 p. 25): "Dudlity theory ... often suggests alternative proofs of known results; it
suggests new results which are "dual" to known results; it helps to clarify existing knowledge and to coordinate
diverse results.”



contrast, the convexity properties required by Duality Theory are dstrad, puely technica
condtions, which fall far beyond the scope of econamic reasoning, and have proved very
difficult —f not imposshble- to test by rigorous datisticd/econametric tedhniques. Almost
always, we must take these mnvexity properties by faith.

Conwexity can be viewed as a sewmndorder curvature cndtion d the production
frontier. In theory, the convexity postul ates are sometimes justified by deriving them from a set
of more dementary and intuitive aiioms, like additivity and divisibility (e.g., Arrow and Hahn,
1971). This, however, does not make the cae for convexity any stronger. In this perspective,
the divisibili ty axiom (or its violation) is the key to the (non)convexity. Not only al i npus and
outputs dhoud be divisible in infinitesmal fradions, dvisbility also necesstates that
downsizing the entire production pocess ioud be feasible® Therefore, divisibility (and
hence ®nwexity) assumes away such ecnamicaly important techndogicd features like
economies of scale and economies of specialization.* These are probably the two most
interesting techndogicd fedures for the eonamist, bu ironicdly, the dual approac to
production theory tends to deny their existence

The objedives of this paper are two-fold: The first objedive is a more daborate and
profound undrstanding of the asymmetric role of cornvexity in Duality Theory, and its
empiricd implicaions. Econamy with maintained assumptions is a very important feature of
any theory, espedally the fundamental Duality Theory. The fad is, na only the soundformal
results of Duality Theory matter, also its maintained assumptions guide model spedficationin
empiricd applicaions. Unfortunately, applications of duality theory often impaose entirely
redundant assumptions, just to be on the safe side. On the other hand, the fail ure of establishing
dudlity is sometimes (falsely) interpreted as a problem of the non-convex techndogies.®> In my
opinion, the full patential of Duality Theory - as well as its limits - in deding with such
interesting and important techndogicd fedures like eonamies of scae deserves clarificaion.

The semnd purpose is to extend a generdize Duality Theory to ded with non
convexities endagenowsly within the theory. Although Duality Theory relies heavily on
convexity, some isolated remarks to aleviate mnvexity can be foundin the literature. A good
starting point is the observation that the affine structure of the usua (neo-classcd) firm
objedives like mst minimization a profit maximization is the ultimate source of convexity in
Duality Theory. This gives rise to two immediate routes for extensions, which also constitute
the dual structure of this paper:

) We may distinguish between the "true" production passhilities and their outer
approximation. The @mnwvex techndogy set induced by an econamic model gives an ouer
boundapproximation, i.e., the cmnvex hull of the underlying true techndogy set, even if the

% This paint was aptly made by M.J. Farrell (1959, pp. 378 — 379) in his article "The Convexity Assumption in the
Theory of Competitive Markets' (Sedion Il entitted ' The importance of non-convexities' ):

"A glance a the world about us should be enough to convince us that most commoditi es are to some extent
indivisible and that many have large indivisibilities. Similarly, whenever one refers to "emnomies of scde" or of
"spedalizaion”, oneis pointing to concaviti es [=departures from convexity] in production functions. There isthus
no need to argue the importance of either indivisibili ties or concavities in production functions - the former are an
ohvious feaure of the red world, and the latter have mnstituted a central topic in economics sncethe time of
Adam Smith."

* Some fascinating ecnomic analyses stemming from these types of violations of convexity include Yang (1994,
Yang and Ng (1993, Borland and Yang (1999, Shi and Yang (1995, and Yang and Rice (1994).

® For example, Thrall (1999) has explicitly suggested that non-convex technologies are void of any red-world
eanomic meaning. In my opinion, thisview is unsustainable. We refer to Cherchye, Kuosmanen, and Post (2000
for the rebuttal.



true tedindogy is nonconvex. Hence nonconvexities need na prevent us from applying
Duality Theory. This posshility has attracted orly passng remarks in the literature of Duality
Theory. For example, Diewert (1972, pp. 109.10) and Rus=ll (1998, pp. 4Y briefly mention
it, bu do nd develop it further. To the best of my knowledge, a fully-blown rigorous analysis
suppated with formal proofsis missng. This could explain why the goplication passhiliti es of
this argument have not been utili zed upto their full potential. This paper intends to fill in this
gap by presenting a systematic review of the envelopment sets induced by most standard
techndogy representations in the general multi-input multi-output setting. Although some
"new" duality relationships will be identified, | think the main nowe content in this respect
concerns the overall treament, rather than any single duality theorem per se.

From methoddogicd paint of view, it is also interesting to nae adired link to two ather
prominent schods of thought in the production analysis literature: The Afriat-school (Afriat,
1972 Hanoch and Rothschild, 1972 Varian, 1984 and the Charnes-Cooper school (Charnes,
Cooper, and Rhodes, 1978 Banker, Charnes, and Cooper, 1989 [in termindogy of Fersund
and Sarafoglou, 2003. A common feature of both these research paradigms is the envelopment
of the observed inpu-output quantity data with conicd, convex, and/or monaonic hulls. That
is, covering the "cloud" of observed pants, which is a discrete non-convex set, with the
minimal set that has a cetain desirable shape. The key difference to bear in mind is that we
here do nd envelope the observed data but the true underlying techndogy itself. Therefore, the
envelopment sets of this paper shoud be viewed as outer bound approximations, where &
most of the aurrent empiricd lit erature uses the envelopment sets as inner bound. Still, many
of the conclusions of this paper carry directly over to these more enpirical approacdhes if we
take the discrete set of observations as the estimator of the underlying unolserved production
posshility set. Therefore, | would like to seethis analysis as one step towards a more unified
framework of production analysis, which links me intimately related bu separately
developed streams of literature more dosely together, and accourts for nonconvexities
endogenouwsly within the theory.

I1) We may substitute the smple affine eonamic objectives, which canna cgpture non
convexities, by more complicaed nonlinear objedives that can represent such features. This
semnd classof extensions diredly relates to ather limitations of Duality Theory listed above.
In particular, Cherchye, Kuosmanen, and Post (2000 and Kuosmanen and Post (2002 have
ealier pointed towards imperfed competition (i.e., pricemaking rather than price-taking) and
risk aversion uncer price uncertainty as circumstances under which the firm objedives become
nortlinea and hence nonconvexities of the techndogy influence the optimal production dan
of the firm. In the similar vein, extensions of dudlity theory where nonlinear constraints give
rise to norrconvex preferences are known in the theory of consumer choice see eg. Epstein
(1981 and McCabe (1997). In mathematics, the dassc duality techniques have been extended
to nonconvex cases by Bader (1978 using particular nortlinear "needle-type’ suppat
functions. Balder' s approach has been recently applied to the general equili brium theory of
nontconvex techndogies and preferences by Joshi (1997. Findly, relating to the present
production context, First, Hadkman, and Passy (1993 have suggested the nation d projective-
convexity (or shortly P-convexity) astod for extending towards non-convex environments.

This paper will nat follow any of the previous developments. Rather, we stick firmly to
the traditional affine objedives considered by Shephard, McFadden, Diewert, and ahers. | will
argue that nonrconvexiti es matter even in this traditional framework. The standard quantity and
price @nstraints, which are an intimate part of the traditional Duality Theory [consider the cost
function, for example], suffice for capturing (some) non-convexities. Inspired by McFadden' s



(1978) restricted profit function, we will present a general economic model, which is a
compl ete representation of technology capable of capturing non-convexities and congestion.®

The organization of the subsequent sections is the following. We start in Section 2 by
introducing the basic (primal) production models defined in terms of input-output quantities,
and analyze the technology information content of alternative models. We then move in
Section 3 to the basic (dual) economic models defined in terms of monetary variables, and
derive the associated dua envelopments. Section 4 extends the scope of analysis to indirect
models, which include some financial budget constraints or turnover targets. In Section 5 we
introduce a novel concept of constrained profit function, and investigate its relationship to
other economic models as well as its technology information content. Section 6 discusses the
more practical implications of this study. As for our overall objectives, extensions of type |
(identified above) are found in Sections 2 - 4, while generalizations of type Il concentrate on
Section 5. Of course, each and every section is there to contribute to our understanding of
convexity in Duality Theory.

Finally, some technical notes: Since this treatment involves a large number of different
models, most of which are standard and well-known, we choose to summarize most model
definitions in form of tables to keep the discussion concise. As usual, the key results are
presented in the form of mathematical theorems. Since the mathematical proofs of these
theorems are more of technical rather than deeply innovative nature, we will only prove the
least trivial theorems, and place the proofsin Appendix.”’

2. Basic Production Models

The general multi-output production model describes the aternative means of
transforming resources to commodities. The static theory of production conventionally uses the
point-to-set topology as its analytical framework.® Production outcomes are thus conveniently
modeled as points of an Euclidean vector space, and the production technologies as its subsets.

Assuming m relevant factors, let y =(y;...y,,) JR™ represent the vector of net throughput (or
shortly netput), where elements y, <0 are interpreted as inputs and elements y, >0 are

outputs. We do not assume that subsets of inputs and outputs are exogenously given to the
firm. Rather, the roles of inputs/outputs might be reversed (if the firm finds it advantageous to
do so), depending on the technological possibilities and the prices.® For example, some

" intermediate factors might be consumed as inputs or produced as outputs depending on the
prices.’

® Congestion refersto lack of free disposability. See e.g. Cherchye, Kuosmanen, and Post (2001) for discussion.

" According to the Nobel Prize-winning physicist Richard Feynman (Feynman and Leighton, 1997),
mathematicians label any theorem as "trivial" once a proof has been obtained, so there are hence only two types of
true mathematical theorems: trivial ones, and those which have not yet been proven.

8 Using the standard notation, R™ denotes the m dimensional Euclidean vector space. The subscripts have the
following meaning: R, =[0,0),R,, =(0,0), and R_ =(~o0,0] . Moreover, R =R J{~co,+co} denotesthe set

of affinely extended real numbers.

® Consider e.g. the possibility of outsourcing some functions of the firm. It may be worth elaborating that the
possibility to reverse the roles of input/output does not yet violate irreversibility implied by the Second Law of
Thermodynamics: Even if wein principle allow for transforming an ' input' toan' output’ , and again back to the
" input' , we do not assume we achieve the same amount of input as in the beginning of the process.

191n words of Lau (1974, pp. 180): "After all, the decision whether to purchase or to sell a given commodity must
be an economic one. Hence, one cannot arbitrarily classify certain commodities as outputs and others asinputs,
except for commodities which inherently cannot be produced by any production process, such as unskilled labor,

or for commodities which are prior dated. This symmetric treatment has many potential applications: analysis of



The production technology can be characterized in a number of aternative ways, for
example, using the traditional production functions or the technology distance functions. Since
the set representations of technology offer the most immediate platform for studying convexity,

we shall adopt the production possibility set T O R™ as my default production model. This set
issimply defined asthelist of al feasible netput vectors, i.e.,

L T E{yDRm|netputy technicallyfeasible}.

To rule out some anomalies, the following set of maintained axioms are assumed to hold:

(Al) T=z0O (non-emptyness).

(A2) TAR" ={6} (inadivity possble, nofreelunch).
(A3) Tisa dosed set.

(A4) {y OTly= y'} isabounced set Oy'0T (scacity).

These 4 maintained axioms comprise most standard maintained axioms of the production
theory (e.g. Fare and Primont, 1995, p. 2Y. However, we déliberately deviate from ealier
treaments of Duality Theory in that we do nd postulate any form of convexity or disposabili ty
of the true underlying production techndogy. When the limited techndogicd information
content of other models dictates a particular topdogicd shape, we will envelope the true
tedindogy set by its snallest convex superset that has the desired shape. In ather words, we
draw a sharp distinction ketween a simplified "proxy" and the "real thing". For completeness
Table 1 formally defines the standard envelopment nations in terms of an arbitrary set

SORKYM

Table 1: Envelopments of set SO R*

Convex hul conv(S) E{a OR%|lo =ac'+(1-a)o";0',0"0S,a D[O,l]}

Monaonic hull mon(S) = S-RX

(Partial) conical hull coni*(S) =15, 0[a,b)

Convex monaonic hull | cm(S) = conv(S) O mon(S)

Other production models typicdly assume distinct inpus and ouputs. In case the first r
netputs happen to be non-paositive, i.e., inpus denated by x[OR", and the remaining s netputs
are nonnegative, i.e.,, ouputs udR3, r + s =m, we will find it convenient to pertition the
netput vedor y as y=(xu). The distinction between inpus x and ouputs u is totally

immaterial for this paper, and will be invoked merely to establish conrections to the ealier
literature. Table 2 summarizes the production models considered in this paper. All aternative
models are well established in the literature, see eg. Fare and Primont (1995 and Chambers et
al. (1999 for further detail s.**

international trade; analysis of conglomerates; analysis of integration and mergers; and analysis of agricultural
households."

" The notion of conicd hull is here generali zed in a straightforward fashion to all ow for partial cones. The
standard conicd hull isthe spedal case obtained as coni®™)(.).

12 For consistency and analytica convenience, we here deviate from the standard notation by preserving the
negative sign of the inputs.



Table 2: Alternative Production Models

Model Formal definition
Input L:R? - 2, L(u) ={xOR"|(xu)OT}
correspondence
Output P:R" _ 2%, P(x)s{uDRi (x,u)DT}
correspondence
Input distance D :R.xRS - R,,
function

D, (x.u) =sup{6 OR | (x/6,u) 0T}

[
Output distance D,:R" xRS - R,,
function D, (x.u) =inf{60OR.|(xu/0)0T
o (x,U) =in { .|(x,u’6) }
Directional distance | DD :R*" _, R,,
function DD(y, g) Esup{HDR+ y+6g DT}
0

For notational convenience, each model is assumed to represent the same production
tecdhndogy [i.e, T], unless otherwise indicaed. We will use the superscript to indicae

aternative techndogy domains. For example, D™ = sup{e OR,|(x/6,u)Dem(T )} .
2]

It isimmediately obvious that knowledge of T suffices for deriving any of the dternative
production models of Table 2: After all, every model of Table 2 is defined in terms of T to
begin with. But can we dso remver T from the other production models? If not, what can we
then say abou the techndogy?

The input correspondence L is a point-to-set mapping, which relates output vedor y to
the set of input combinations that can produce it. That is, the image of L isasubset of R” . On
the other hand, the output correspondence gives the set of output vectors prodicible by a given
inpu x. It is rather well known that the inpu and the output corresponcence ae generally
equivaent to T as production models (see eg. Fare and Primont, 1995, p. 1R It is worth
stresang here that, besides the maintained axioms and the &bility to draw distinction between
inpus and ouputs, this equivalence does not depend on any simplifying topdogicd
assumptions.

Theorem 2.1: If netputs can be partitioned to inputs and outputs, i.e., y=(x,u),x<0,u=0,
then the input correspondence L and the output correspondence P are general technology
representations equivalent to the production possibility set T. That is,

xOL(u) = uOP(X) = (x,u)dT.

This useful fact will be employed in the following, as in many cases it is more
convenient to phrase in terms of the input and the output correspondence than using the set T.
The next two models are prime examples.

The Shephard (1953) input distance function D, indicates the maximum

equiproportionate contraction factor of input vector x such that the given output y is producible.
Reciprocal of the Farrell (1957) input efficiency measure, this traditional distance function
plays traditionally an important role in the productivity and efficiency analysis. Due to its
inherent input orientation, the input correspondence L is a natural dual partner for investigating



the tedindogy information contained by D;. We can link the two models by the following
theorem:

Theorem 2.2: The technology information of the input distance function D; is equivalent to a
partial conical hull of the image of L, specifically,
D.(x,u) =1 = xOconil™)(L(u)).

Proof: SeeProof 2.2in Appendix.

It is known that the inpu distance function can perfedly represent the production
techndogy, provided that inpus are weakly disposable. Theorem 2.2 confirms this fad, since
wedk inpu disposability is equivalent to the condtion L(u) = coni[l’“’)(L(u)) OuORS. What is
new in Theorem 2.2 is the faad that the inpu distance function can provide us with detailed
information d the techndogy even when weak disposability fails to hdd. Although the input
distance function canna accourt for some extreme forms of inpu congestion, it adequately
acourtsfor violations of convexity aswell as free disposabili ty.

The output distance function D, (also by Shephard, 193) indicates the maximal

equipropationate expansion d output vedor y prodwcible with the given inpu x. It can be
viewed as a mirror image of the inpu distance function. By reversing the roles of inpus and
outputs, Theorem 2.2 can be re-expressed in terms of outputs, to link the output distance
function and the output correspondence P. Thisis formalized by the foll owing theorem.

Theorem 2.3: The technology information of the output distance function D, is equivalent to a
partial conical hull of theimage of P, in particular,
D,(x,u) <1 < uOconi®®(P(x)).

Proof. Diredly analogous to Proof 2.2in Appendix, and hence omitted.

Finaly, we briefly consider the more general directional distance function DD recently
propcsed by Chambers, Chung, and Fare (1996, 198), inspired by Luenberger's (199)
benefit function. The diredional distance function projects the given pant y to the boundary of
T in an endogenowsly spedfied dredion gORT, . Chambers et al. (1996, 1998 have shown
that DD is equally good techndogy representation as traditional D; or D,. In fact, it is even
more general. The minimal condtions for recvering T from DD are given by the following
theorem:

Theorem 2.4: The information content of the directional distance function DD can be
summarized by the following envel opment of the production possibility set T:

min DD(y,9)20 = yO () {yDRm|y=y'—Gg;y'DT;920} :
oIRT,

goRT,
Proof. See Proof 2.4 in Appendix.

More intuitively interpreted, DD provides the exact representation of the technology if
for every infeasible input-output vector there exists at least one non-negative direction vector
which yields strictly negative value of the directional distance function. Put differently, the
directiona distance function cannot identify an infeasible point if it is' masked' or surrounded



by feasible input-output vectorsin all positive directions. For example, the directional distance
function cannot distinguish a punctured set T —{(X,y)}.(X,y)0int(T) from T. Figure 1

illustrates by a simple graphical example the envelopment induced by the directiona distance
function. The black area represents an arbitrary non-convex, non-monotonic set of feasible
input-output combinations, while the white represents the infeasible points. The gray color
indicates the infeasible points, which the directional distance function falsely identifies as
feasible.

<

X

Figure 1: Example of the envelopment (the black and gray area) of an arbitrary non-
convex set T O R? (the black area) induced by the directional distance function.

We may safely interpret that, despite some limitations, the directional distance function
generally contains all information of the technology that could be of economical interest. In
any case, the directional distance function proves the most general technology distance
function. More specificaly, it is easy to show that the above-discussed envelopments are
nested in the following sense

{(x, u)|choni+(L(u))}

2) TO{yOR"|DD(y,g)=00g0OR™} O
) {yOR"|DD(y,0) 2 00g } {(x w)uDconi” (P}

As the general conclusion, all basic production models considered thus far are
sufficiently general to account for violations of convexity and free disposability. Only some
rather minimal disposability conditions are required for recovering production technologies
form technology distance functions. Convexity does not have arole in the "duality” of the basic
production models.”

3. Economic Models

The economic model describes the objectives and the constraints of the firm. As
economists are often more comfortable with monetary price/cost/revenue/profit data than with

B Thenotion of * duality’ typically refersto technology representations that use dual variables, for example, prices
and profit. Although the distance/gauge functions are sometimes called dual representations of technology, they
are not dual in this vector space sense.



physical quantities, the possibility to analyze production technology indirectly through
economic models lies in the heart of Duality Theory. Following the conventional approach, we
confine attention to the price-taking firm that maximizes monetary gain or minimizes the loss
subject to the technological constraints represented by T, and possibly some additional quantity
constraints.

The three basic models formally defined in Table 3 will be considered in this section.
Indirect models involving budget constraints and/or revenue targets will be discussed in the

next section. As usual, we shall assume the firm takes the netput prices p=(p,... p,,) ORT as
given. When inputs and outputs are separable, we partition p in input price vector
w=(w,...w, ) OR', and output price vector v=(v,...v,) ORS.

Table 3: Alternative Economic Models *#

Model Formal definition
Profit function M:R™ - R, N(p) Esup{pD/|yDT}
y
Cost function C:R* - R, , C(w,u) = -sup{wX|xOL(u)}
Revenuefunction | R:R" xRS - R,, R(x,v) = max{vy|ydP(x)}
y

The profit function (Hotelling, 1932) is the standard model of the neoclassical
microeconomics. It indicates the maximum profit achievable at the given input-output prices.
The key properties of the profit function include the following:

Theorem 3.1: The profit function N is non-decreasing, homogenous of degree one, convex, and
continuousin prices p.

Proofs of this famous theorem go back at least to Samuelson (1953-1954, pp. 20), and can be
found in any comprehensive microeconomics textbook. What is worth noting here is that many
treatments (especially the "pedagogical” ones) tend to impose a large number of redundant
assumptions, including convexity of the production possibility set.” Yet, it is simple to verify
that the profit function defined over a non-convex T aways equals the profit function defined
over the convex hull of T, i.e, N (p)=N"(p) OpORT. Therefore, if profit function is
convex in prices in case of the convex hull of T, then it must be convex also under T. In other
words, non-convex technologies give rise to well-behaved profit functions equaly well as
convex ones! The axiom (A3) of closed technology is already a sufficient condition for
Theorem 3.1. In this sense, the domain of the profit function is actually much more general
than most textbooks suggest.

One of the prime results of Duality Theory is establishing that the profit function, which
is defined solely in terms of monetary variables, offers in fact an implicit technology
representations equivalent to production possibility set T. However, this strong equivalence

4 A finite profit maximum need not exist for all technologies and price vectors (e.g., T ={(x, u) OR? |-x2 u} and v

=2, w=1). Therefore, it is conventional to assign the profit function the value of infinity in those cases. Similarly
for the cost function, the output target u may technically infeasible whatever amounts of inputs are used. The cost
function equals infinity in such cases. For revenue function, however, the scarcity axiom (A4) suffices to
guarantee that a finite maximum revenue exist for any given inputs and output prices.

1> See the famous treatments of McFadden (1978, pp. 81) and Diewert (1974, pp. 136), for example.
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result does indeed depend on the economically restrictive assumptions of convex, freely
disposable T. Hence the scope of the traditional duality relationship is limited. Nevertheless,
we can quite easily avoid all these restrictive assumptions, if only we are willing to settle for an
inexact outer approximation of the production possibility set whenever the assumptions fail to
hold. The following theorem formalizes the generalized duality relationship:

Theorem 3.2: The technology information of the profit function I is equivalent to the convex
monotonic hull of the production possibility set T, that is,

{yOR"|py=<n(p) Op=0} = cm(T).

Proof. See Appendix, Proof 3.2.

The profit function does not generally suffice for recovering the exact production
possibility set: Based on the profit function, it is generally not possible to infer whether an
arbitrary yOdcm(T) is truly technically feasible or not. The standard theory simply assumes
feasibility. For generality, we here refrain from such assumptions. By contrast, we stress that
an outer ' envelopment' - the convex monotonic hull ©f- can always be recovered, even when
the underlying technology is non-convex. And conversely, the knowledge of the convex
monotonic hull of T suffices for recovering the profit function associated with T, even if T
itself is not known. In some applications, this outer approximation may give sufficient
technology information even though the possible economies of scale and of specialization as
well as congestion effects cannot be detected. To get a more detailed picture on these issues,
one should either use a more detailed economic model or investigate the production technology
directly in terms of a suitable production model.

Technicd note: By Theorem 3.2, the graph of profit function graph(I)
E{(p,l’l(p))DRm+l| pzo} is the polar set transformation of cm(T) . Alternatively, M can be

viewed as the support function of cm(T) .
A

Figure 2: Example of the envelopment of an arbitrary non-convex set T O R? (the
black area) by convex monotonic hull (the black and gray area).
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Figure 2 graphicdly ill ustrates the mnvex monaonic hull of a non-convex set, following
the example of Figure 1. The boundiry of cm(T) represents netput combinations which a profit-
maximizing firm may chocse under perfed free @mpetition withou constraints. The gray area
represents the netput combinations included in the ewvelopment set, which are technicdly
infeasible. Although the gray areaonly gives a very rough approximation d T in this case, it
may be better than nahing.

The profit function gives a stylized description d a price-taking firm, which considers all
inpus and ouputs as dedsion variables to be optimized. In pradice, most firms must operate
with asmaller number of dedsion variables. Many industries facesome temporal or permanent
limitsin the inpu fadors, e.g., capadty constraints or shortage of skill ed labor in the short-run,
and scarcity of natural resources and land areain the long-run. Similarly, the firm may have
some prior commitments to certain delivery condtions for outputs. In addition, bah inpus and
outputs may be subject to quantity rationing or regulation. For pulic sedor non-for-profit
firms, the input resources or the output targets are often exogenouwsly determined. These types
of quantity restrictions are traditionally modeled in terms of the st and revenue functions.

The dassc oost function gives the minimum cost of producing the target output y, given
inpu pricesw. The properties of cost function are the following

Theorem 3.3: The cost function C is non-negative, non-decreasing, homogenous of degree one,
concave, and continuous in prices w.

Again, prodfs of this theorem can be foundin various urces, dating back to Shephard (1953
at least. But like in case of profit function, unrecessary convexity postulates are often impaosed
(ust in case) to guarantee @ncavity of the st function. It is worth stressng that these
properties hold irrespedive of conwvexity or nonconvexity of the techndogy. As correctly
noted by e.g. Fare and Primont (1995, pp. 4%and Rus=ll (1998, pp. 4% it suffices that the
images of the input correspondence L are dosed.

For extrading tedhndogy information from the ast function, the inpu correspordence L
proves the most natural dua partner. Utilizing dired analogy with Theorem 3.2, it is
straightforward to prove the foll owing.

Theorem 3.4: The cost function C can recover the convex monotonic hull of the image of input
correspondenceL, that is,

{XDR[ ~wx=C(w,u) Owz (3} =cm(L(u)).

Proof. Follows diredly from Proof 3.2 by fixing an arbitrary u0R?.

Anaogously, the revenue function R (Shephard, 197) gives the maximum turnover
adhievable with a given vector of inpus x at the given ouput prices p. Assuming only that the
images of output corresponcence P are dosed sets, the revenue function has the following

properties:

Theorem 3.5: The revenue function R is non-negative, non-decreasing, homogenous of degree
one, convex, and continuous in prices p.

For completeness and comparability, we daraderize the following dudity relationship,
phrasing in terms of the output correspondence P:
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Theorem 3.6: The revenue function R can recover the convex monotonic hull of the image of
output correspondence P, that is

{uDR: v < R(x,v) Ov= 0} =cm(P(x).

Proof. Analogous to Proof 3.2.

In summary, we have noted that convexity is a mmpletely redundant regularity property
for constructing "well-behaved" eamnamic models, which are @mnwvex (or concave) in dud
variables (prices). Put differently, convexity has an asymmetric charader in Duality Theory:
We may need convexity for recovering the (exad) production model from an econamic model,
but not for recovering an econamic model from a production model. In addition, there are
differences in the techndogy information d different econamic models. The st and revenue
functions have amuch richer techndogy information than the profit function. For example,
both these models can exhibit econamies of scde. The st function only fails to deted non
convexities and congestion in the input space In turn, the revenue functionis' blind to these
properties in the output space. Thus, the techndogical information content of the st and the
revenue function also pertly depends on the dimensiondities r and s. For single-output
multi ple-input tedndogies, for instance, the revenue function orly fails to identify violations
of free output disposability, and hence gives a better representation o the techndogy than the
cost function. Moreover, the two models are mmplementary in the sense that the knowledge of
both the st function and the revenue function enables one to identify (at least some)
violations of convexity both in the inpu and the output space, as well asin the full i npu-output
space However, the mnvex monaonic envelopments of L and P do nd generally suffice for
recvering the exad production passhility set T.

4. Indirect Models

Thus far we have only considered the most traditional production models which were
defined solely in terms of inpu-output quantiti es, and the most basic econamic models which
included the possbhility of quantity constraints. Besides quantity restrictions, the firm' s
production choice may be constrained by monetary budget constraints for inpus, or minimum
turnover limits for outputs. On the input side, this means that the scarcity does not concern the
guantity of some specific inpu, but rather the financing of the entire inpu usage (or some part
of it). For the outputs, this means that there is no spedfic quantity target. Instead, the firm is
freeto al ocate its production to med a cetain financial turnover limit. [More genera netput-
based constraints will be considered in the next sedion] This types of financia restrictions are
usually modeled using indirect production and econamic models, which are due to the work of
Shephard (1974 and Shephard and Fare (1980).

This dion extends the previous analyses to the indirect models. Although various
dudlity relationships have been established between indired models, and between indired
models and basic econamic models, the genuine techndogy information d the indirect models
has nat been thoroughly investigated thus far.

The budget constraints of inpus are aumed to be of form -wlx< 3, where scdar
BOR, denotes the budget, i.e,, the maximum inpu expenditure dlowed. Similarly, the

turnover limits take the form vl = 7, where scdar T R, isthe minimum accetable revenue.

Withou loss of generality, these financial constraints can be expressed in terms of budget-
normalized inpu prices as —(w/B)k<1l or the turnover-normalized ouput prices as
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(v/T)[W=1. Table 4 definesthe indired modelsto be considered.

Table 4: Indirect Models

Model Formal definition

Revenueindirectinput | | .ps _ 2% IL(V/T)E{XDR[ (x,u)DT;(v/T)Euzl}
correspondence

Costindirectoutput | 1p: R, 2%, IP(w/ B) ={udR?|(x,u) OT; ~(w/ B) x <1}
correspondence

Revenue indirect input ID, :R" xRS - R,,
distance function

ID, (x,v/T) = sup{@ OR,|(x/6,u)0T;(v/T) 2]}
6,u

Cost indirect output ID, R R,,

distance function ,
ID, (w/ B, u) slenf{aDR+ (xu/6)0T;~(w/ B)x<1}

Revenue indirect cost IC:R"™ L R, ,

function IC(w,v/T) = sup{-wiX|(v/T) =1 (x,u) T}
Cost indirect revenue IR:R - R,,

function

IR(W/ B,V) = rrlaux{vm|—(w/ B)x<1(x,u)0T}

We next investigate whether the indired models prove & good representations of the
production pcssbiliti es astheir dired cournterparts?

First, the revenue indirect input correspondence IL (introduced in Fare and Primont,
1995 is the indired version d the point-to-set mapping L, which indicaes the set of inpu
vedors that med the indicated revenue target. Interestingly, the tedindogy information
content of IL corresponds to that of the revenue function, as demonstrated by the foll owing
theorem:

Theorem 4.1: The technology information of the revenue indirect input correspondence IL is
equivalent to the convex monotonic hull of the image of P. Specifically, the following

equivalence holds for all (x,u)OR"™®

xd () (/1) = udem(P(X))-
{vrt|(viT)m=1

Proof. SeeProof 4.1in Appendix.

Anaogously, the cost indirect output correspondence IP (Fare and Primont, 1995 is the
indired versions of the output correspordence P, which gives the set of output vedors
expendable with the given budget.

Theorem 4.2: The technology information of the cost indirect output correspondence IP is
equivalent to the convex monotonic hull of the image of L. Specifically, the following

equivalence holds for all (x,u) OR"®

ud IP(w/ B) = xOcm(L(u)) -
{wi Bl-(wi B)m=1}
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Proof. Diredly analogous to Proof 4.1.

Clealy these indirect point-to-set mappings offer alessdetail ed picture of the production
posshiliti es than their dired courterparts. Spedficdly, they fail to identify violations of
convexity in the netput dimensions subjed to the financial constraints. These results are in
some @ntrast with the conclusions of Fare and Primont (1995, p.82, Figure 4.1), who suggest
that the indired output set IP(w/B) "is the outer envelope of the direct output sets P(x) for

which the cost of inputs does not exceed [, i.e, -wlk< B]". This appears mewhat
misleading, since IP(w/ B) adually spans an ouer envelope the input sets, na the output sets.
More precisely stated, 1P(w/ 3) istheunion d such ouput sets P(x) where x meds the budget

constraint. Note that this union reed na be @nvex, even if the images P(x) themselves were
CONVEX.

The revenue indirect input distance function ID; (Shephard, 1974 is the indirect version
of the inpu distance functions D;. It gives the maximum contradion d the given inpu veador x
such that the indicated revenue target can be met. In ather words, ID; could be interpreted as
the (dired) inpu distance measured to the indirect inpu set. Its techndogy information content
is characterized by the foll owing theorem:

Theorem 4.3: The technology information of the revenue indirect input distance function ID; is
equivalent to the envelopment set characterized by weak disposability in the input space and
convexity and free disposability in the output space. Specifically, the following equivalence
holds for all (x,u)JR"*

na/irn{IDi (xv/T)|(v/T) =1 21 = xOconi™ (L(u)) DuDem(P(x)) .

Proof. SeeProof 4.3in Appendix.

The cost indirect output distance function 1D, (also by Shephard, 1974) is the indired
version d the output distance functions Do, and hence a' mirror image' of the previous model It
indicates the maximum augmentation d the given ouput vector y aff ordable with the given
budget. Analogous to Theorem 5.3, we propase the foll owing:

Theorem 4.4: The technology information of the cost indirect output distance function ID, is
equivalent to the envelopment set characterized by convexity and free disposability in the input
space and weak disposability in the output space. Specifically, the following equivalence holds
for all (x,u)OR"™*

T%x{lDo(w/ﬁ,u)|—(w/ﬁ) X=1<1
- xOcem(L(u)) DuOconi®® (P(x))
Proof. Diredly analogous to Proof 4.3.
Theorems 4.3 and 4.4conform with the earlier results, and warrant no further comment.
Finally, also the traditional cost and revenue functions have their indirect counterparts:
The revenue indirect cost function IC gives the minimum cost of producing an ouput bunde

that meds the given turnover limit 7. It is draightforward to verify that the properties of IC are
identicd to the dired cost function (Theorem 3.3 abowe). However, its tedindogica
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information content is more limited.

Theorem 4.5: The technology information of the revenue indirect cost function IC is equivalent
to the envelopment set characterized by convexity and free disposability both in the input and
the output spaces, respectively. Specifically, the following equivalence holds for all
(X, u)OR™®

Q‘l\%{lC(W,V/TH—WD(:l;(V/T)EU =1<1
= xOcm(L(u)) DuOem(P(x)) .

Proof. SeeProof 4.5in Appendix.

Before commenting this result, we mnsider the paralel case of the cost indirect revenue
function IR, which gives the maximum revenue achievable with the given budget S. It' s key
properties coincide with those of the standard revenue function (Theorem 3.5). Interestingly,
the indired cost and revenue functions induce the identicad envelopment sets, charaderized by
concave non-increasing inpu and ouput isoquants.

Theorem 4.6: The knowledge of the revenue indirect cost function IC suffices for recovering
the envel opment set characterized by convexity and free disposability both in the input and the
output spaces, respectively. Specifically, the following equivalence holds for all (x,u) OR™®

m%{IR(Wlﬁ,vﬂ—(wl B)X =Lvim=1<1
= xOcem(L(u)) Dudcem(P(X)) .

Proof. Diredly analogous to Proof 4.5.

Inspired by the work of Petersen (1990, these envelopments with 'convexified' images of
both L and P have dtracted a lot of research interest in the recent literature of non-parametric
Data Envelopment Analysis (DEA) method (see eg. Bogetoft, 1996 and Bogetoft, Tama, and
Tind, 2000.° However, the econamic rationale of these "relaxed" convexity assuumptions has
been urclear (see eg. Kuosmanen, 2001 for criticd discusson). In this respect, Theorems 4.5
and 4.6are very interesting results, because they establish a sound dality relationship between
the Petersen techndogy and the indirect cost and revenue functions. For DEA, this reveds an
intimate wnnedion between Petersen' s non-convex approach and the indired, cost/revenue
constrained approad to econamic efficiency measurement (e.g. Fare, Grosskopf, and Lovell,
1994, a mnnedion which these two separately developed streams of literature could bah
benefit of. We believe this interesting link has gone unndiced because the duality relationships
between the indired econamic models on ore hand and drect production models on the other
have not been subject to a systematic study. For example, the remarkably comprehensive
treament of Fare and Primont (1999 only presents 13 dwlity theorems out of the possble 36
relationships avail able between 9 aternative models.

5. Constrained profit function

McFadden (1978, Part I1) introduced the restricted profit function, a generali zation d the

'8 The original article by Petersen also imposed a variety of aternative asumptions on returns to scae. For
brevity, these returns to scd e assumptions are omitted here.
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basic emnamic models discussed in Section 41 It extends the scope of the traditional cost and
revenue functions in that the subset of fixed netput fadors need na coincide with the subset of
inpus or the subset of outputs. That is, any combinations of fixed and variable netputs may be
modeled in terms of the restricted profit function. For some reason, bdh the theoretical and the
applied streans of literature have ignored McFadden' s contribution, although alarge number of
studies apply the general ideaof (quasi-)fixed o nondiscretionary netput variables.

| next propacse to further generalize McFadden' s nation by introducing a novel concept of
constrained profit function. Let A denote amatrix with dmensionality (r +s)xk, and wse c for

ak dimensional row vedor, where k is sme sufficiently large natural number.

Definition: The constrained profit function is defined as the mapping
mRTXRY™ R, m(p;A,c) =sup{ py|yOT;yA<c}.
y

For any given A and c, the properties of the anstrained profit function rrcoincide with thaose of
the standard profit function I (seeTheorem 3.1).

The motivation d 7 is two-fold: The first motive is the operational convenience.
Elements of matrix A and vedor ¢ can be viewed as firm-specific parameters refleding internal
quantity and/or budget constraints. The very simple inequality constraint yA <c proves a
convenient structure for modeling a wide variety of constraint configurations - quantity
restrictions'® as well as monetary budget constraints and turnover targets.”® The key advantage
to ealier models (such as McFadden' s nation) isthatrdoes not require apriori specificaion o
the fixed and the variable netputs, or the budget-constrained netputs. For example, the subsets
of fixed netputs may differ from one firm to ancther.

The foll owing examples ill ustrate the modeling passhiliti es all owed by this constraint.
Denaterow j of A by A;.
[) If an arbitrary column of A (say column j) reads A= (10 ... 0" and G = a, the netput 1 is
restricted to the half-closed interval y:[](-0,a]. In particular, if we set ¢; = 0, then netput 1 must
be aninpu (y; < 0).
1) Smilarly, if A =(-10 ... 0" and G = b, the netput 1 falls to the half-closed interval
y1ll[b,). In particular, if we set ¢; = 0, then netput 1isan ouput (y; = 0).
1) Anaogously, spedfying A =(10...09", ¢ =b,andA+« =(-10 ... 9", g1 = &, a<b we
limit the values of netput 1 to the dosed interval (y:0[a,b]). In particular, setting ¢; = ¢j+1 = @
makes netput 1 a non-discretionary fixed fador y; =a.
IV) Suppase netputs 1 and 2 are inpus (see point | abowe), and their prices are p; and p
respedively. Specifying Ay = (-p1 -p2 O ... 0, ¢; = d we impose the budget constraint p; y; +
p2 Y2 < d.

The second moative is the generality. The @nstrained profit function kinds together all
aternative econamic models considered thus far, including the indired cost and revenue

" McFadden' snotion has ssme evident simil ariti es with the national profit function (also known as variable profit
function) introduced by Samuelson (19531954).

8 McFadden' srestricted profit function could be modeled in a similar fashion by restricting matrixA to the dass
of diagonal matrices, and substituting the inequality constraint by an equality constraint.

19 nequality constraints of this type have proved a useful todl in the so-caled ' weight-restricted’ or ' assurance-
region’ nonparametric goproadies (e.g. Allen et al., 1997, for survey). The key differenceto these goproachesis
that we here constrain the primal quantity variables, whil e the other approaches impose @nstraints on the dual
variables: the prices or the marginal substitution rates.

17



functions. For completeness, Table 5 lists all these connections formally. These relations can
be easily verified by inserting the indicated arguments to the constrained profit function.
However, it is easy to show by simple counter-examples that none of the alternative economic
models contains enough information for recovering the constrained profit function, except for
special technologies.

Table 5. Special cases of the constrained profit function

Model | Relationship

M N(p) = r(p;0,0)
C

C(w,u):—rrE(w,@);éo 0E;(u —u)E; k=2s

0 -1 0

R

R(x,v)=rrE(f),v);5£ 1 E(x —X)ElkZZI’

0 0 N

IC IC(w,v/T) =-11((w,0);(0 -v/T)",2), k=1
IR IR(w/ B,v) =rr((0,v);(w/B 0)7,1), k=1

Of course, from the applied perspective the generality of this notion can also count as a
handicap. Enormous amount of data would be needed for any serious empirical estimation of
the maximum profit obtainable for aternative constraint configurations. Even though the data
problems could be overcome by imposing additiona (parametric) structure, the primary value
of this notion does probably not come from empirical application. Still, we believe this genera
notion contributes to our understanding of the structure and the relationships of aternative
economic models. It conveniently illustrates how the apparently different firm objectives such
as cost minimization or revenue maximization can be understood as special cases of profit
maximization under constraints. Like the directional distance function of Chambers et al., or
McFadden' s restricted profit function, the constrained profit function offers a' super-mode!’
conceptual umbrella that covers a large number of standard models as its special cases, and
thus serves as aready platform for straightforward extensions and modifications. In this sense,
the constrained profit function could provide useful guidance in model specification.

If nothing else, we find the general constrained profit function a convenient instrument
for summarizing the role of constraints in determination of the duality. | think the following
theorem aptly confirms the genera conclusion from the preceding sections:. The simpler the
economic model, the stronger technology assumptions are required for establishing the duality.

Theorem 5.1: The constrained profit function 71 contains the complete technology information
of the production possibility set T. Specifically, the following equivalence holds for all yOR™
CA,c:.ply=mn(p;A,c) Op = yOT

Proof. See Proof 5.1 in Appendix.

By Theorem 5.1, it is possible -at least in principle- to perfectly recover the production
technology from the data of prices, profit, and constraint parameters (A and c), without any
data on netput quantities. In particular, if we know the constrained profit function, we can test
if a particular netput vector y is feasble by setting A=(1 -l),c=(y -y). If
m(p,A,c) =—c OpORT, then the netput y is infeasible. Otherwise, [i.e., if areal vaued profit
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is obtained for any prices at al] y must be feasible. In principle, we ould remver the
production passhility set T by means of testing feasibility of every yOR™, bu that would
probably take an infinite time. On the other hand, that would be an entirely unrecessry
exercise since i was hown to be acompletely equivalent representation d techndogy.

In contrast to all other known duality results, Theorem 5.1 dbes not depend on any
eoonamicdly restrictive form of convexity or other topdogical condtions. This is esentially
attributed to the fad that our generalized econamic model alows for ' maneuvering' with the
quantity/budget constraints [like the dired and indired cost/revenue functions also dg. The
proof of Theorem 5.1 just drives this posshility to its ultimate limit: By imposing certain
constraints the feasible set becomes a singleton, which is a mnvex set. This result shoud be
viewed against (and contrasted to) the body of established dudlity theory. By introducing a
more genera (or more ‘flexible’) econamic model, in aher words adding more information
(which may be purely monetary priceprofit data), we ae ale to reveal nonconvexities of the
techndogy, or dternatively stated, avoid the mnwvexity and dsposability axioms of the
conventional Duality Theory.*

6. Discussion and Conclusions

The precading sedions have explored the role of convexity in representing techndogy by
aternative production models, and recovering techndogy information from econamic and
indired models defined in terms of monetary price and profit (cost/revenue) variables. It is
now time to refled bad to the two oljedives pedfied in the Introduction.

My first motivation was understanding the function o convexity in Duality Theory at a
more profound level. To this end, the previous sctions have paid speda attention to the
information content of alternative econamic, production, and indired models as representation
of techndogy. This more "anatomicd" perspective on Duality Theory aptly reveds the
asymmetric charader of convexity: ecnamic models sich as cost and revenue functions can
aways be derived from the techndogy, and they are well-behaved (concave/cornvex)
irrespedive of the topdogica shape of the techndogy. However, we may need some @mnvexity
properties for recovering exad representation d techndogy from these econamic models.

There ae mnsiderable differences in the techndogy information d alternative models,
which explains why the traditional duality theory requires a number of simplifying
asumptions to establish equivalence between al modes, i.e, to form of the "dudity
diamond'. In general, the simpler the model, the stronger the (simplifying) assumptions
required for establishing the dudlity. The static econamic models of price-taking firm are
conventionally enriched by quantity restrictions and/or financial constraints. Quite intuitively,
these richer emnamic models also include more detailed information d the production
posshiliti es. Interestingly, introducing the standard quantity/financial constraints to the usual
setting of price-taking firm under certainty alrealy suffices for identifying (at least some) non
convexities. The greaer the ' variability’ in constraints, the richer idetail the induced
envelopment techndogy. By introducing the general nation o constrained profit function, we
demonstrated that the traditional perspedive of price-taking firm, enriched by additional

2 Thisresult is not particularly dependent on the spedal (non-standard) structure of the mnstrained profit function
introduced above, but naturally extendsto ather economic models considered in the literature. In fad, the
congtrained profit function isadually unnecessarily ' general' for producing this effed: A similar duality theorem
can be established between T and the McFadden (1978 restricted profit function, which is a genuine spedal case
of our constrained profit function.
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constraints, is sufficiently general to recover the complete and exact representation of
technology.

For most applications of Duality Theory, equivaence of all models is not really
necessary, or even desirable. To overcome data problems, for example, if the data does not
suffice for estimating the desired target model, one would be mainly interested of what kind of
information can be inferred from another model, which can be estimated. But this clearly does
not necessitate equivalence of the two modelsinvolved, et alone all models. In this respect, the
more anatomical perspective of this paper might provide useful guidance for parsimony with
assumptions.

For completeness, Table 6 summarizes the specific conditions for recovering any of the
models discussed in the preceding sections, given that another model is known. These
conditions follow as direct corollaries of the well-known duality theorems, and those proved in
this paper, so we here merely tabulate these conditions. We refer to the known model by ' base
model’ and to the model to be recovered by ' target model' . Each row of Table 6 corresponds to
a specific base model, and each column to a specific target model. Having chosen the two
models, we can read the necessary and sufficient conditions (abbreviated) from the cell
corresponding to the row of the base model and the column of the target model. The empty cell
indicates that the target model can be recovered from the base model without any additional
assumptions. The distinction of inputs and outputs is assumed throughout. Consequently, the
"globa" convexity property T = conv(T) is decomposed to three components. input convexity
(ci), output convexity (co), and diseconomies of scale (des). Note that the conditions not only
depend on the information content of the base model, but also that of the target model. For
example, profit function can be recovered from any other model without any additional
assumptions, because any limitations of the base model are cancelled out by the even stronger
l[imitations of the profit function.

My second objective was to strengthen the foundation of the fundamental Duality Theory
by generalizing it further towards non-convex technologies. Although the mathematical
importance of convexity in Duality Theory is undeniable, we were able to eliminate (or at least
alleviate) the economically restrictive convexity postulates by drawing a sharp distinction
between the technology sets and their outer bound approximations. For convex technologies,
there is no approximation error involved, because the outer approximation and the true
technology set coincide. Hence, the established results of Duality Theory follow conveniently
as the special cases of the more general ' envelopment duality’ framework. Most interestingly,
we have demonstrated that Duality theory can aso be applied to non-convex technologies.
Occurrence of non-convexities (or congestion) simply means that the outer envelopment is an
inaccurate approximation. Still, the outer envelopment is typically better than nothing!

In fact, in some applications the outer approximation is all we need to care about.
Consider for example the measurement of cost efficiency when we have data on total costs,
input prices, and output quantities for a sample of n firms. Using duality theory, we can
estimate the cost function and we can analyze cost efficiency without any data on input
quantities. What seems not too evident from traditional Duality Theory is that potential non-
convexities do not matter! We do not need any to assume any form of convexity for applying
Duality Theory for measuring cost efficiency by price/cost data. Of course, there also are
applications where the outer approximation does not suffice. For example, the classic Farrell
(1957) decomposition of the cost efficiency index into components of allocative efficiency and
technical efficiency fails unless the image of the input correspondence L is a convex set for all
output vectorsyy.
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Table 6: The conditions for recovering the target model (on the 1% row) given the base model
(on the 1% column).

TARGET MODEL

T L P D, Do DD C R IL IP ID; | IDy | IC IR T
T
L
P
D; wdi | wdi | wdi wdi | wdi wdi | wdi wdi wdi
D, | wdo | wdo | wdo | wdo wdo wdo wdo | wdo wdo
DD | dd dd dd dd dd dd
n des | des | des | des | des | des des |des |des | des |[des | des | des | des | des
ci ci ci ci ci ci co ci ci co ci co ci
B co co co co co co fdo | fdi fdi fdo | fdi fdo co
A fdi fdi fdi fdi fdi fdi fdi
S fdo | fdo | fdo | fdo | fdo | fdo fdo
E ci ci Ci Ci ci ci ci ci ci ci
fdi fdi fdi fdi fdi fdi fdi fdi fdi fdi
M| R co co co co co co co co co co
0 fdo | fdo | fdo | fdo | fdo | fdo fdo fdo fdo fdo
D IL co co co co co co co co co co
fdo | fdo | fdo | fdo | fdo | fdo fdo fdo fdo fdo
EMP [d [d |d |d |d | d | a G G
L fdi fdi fdi fdi fdi fdi fdi fdi fdi fdi
ID; | co co co co co co co wdi | wdi | co co co
fdo | fdo | fdo | fdo | fdo | fdo fdo fdo fdo fdo
wdi | wdi |wdi | wd | wd | wdi wdi
ID, | ci ci Ci Ci ci ci wdo | ci ci wdo | ci ci
fdi fdi fdi fdi fdi fdi fdi fdi fdi fdi
wdo | wdo | wdo | wdo | wdo | wdo wdo
IC ci ci ci ci ci ci co ci ci co ci co ci
co co co co co co fdo | fdi fdi fdo | fdi fdo co
fdi fdi fdi fdi fdi fdi fdi
fdo | fdo | fdo | fdo | fdo | fdo fdo
IR ci ci ci ci ci ci co ci ci co ci co ci
co co co co co co fdo | fdi fdi fdo | fdi fdo co
fdi fdi fdi fdi fdi fdi fdi
fdo | fdo | fdo | fdo | fdo | fdo fdo
T
legend | assumption formal definition
des Diseconomies of scale xOconv(L(u)) O uOconv(P(x))
O (x,u)dconv(T)
ci Input convexity L(u) =conv(L(u)) OuOR®
co Output convexity P(x) = conv(P(x)) OxOR"
fdi Free disposability of inputs | L(u)=L(u)-RS OuORS
fdo Free disposability of outputs | P(x) = P(x) -R" OxOR"
- - — - — Tim
wdi Wesak disposability of inputs L(u) = conit )(L(u)) OuORS
wdo Weak disposability of P(x) = coni®(P(x)) OxOR"
outputs
dd Directional disposability DD(y,g)=00 yOT

In my experience, convexity tends to be over-used in empirical applications, both in
parametric/econometric as well as non-parametric/mathematical-programming approaches.
However, the practical implications are somewhat different. The main difference seems not to
be in the estimation technique per se, but the primal versus dual orientation of analysis. For the
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parametric approach which often operates on the dual side, the confusion with convexity tends
to concentrate on the scope of analysis (i.e., results apply even in case of non-convex
technology) and the interpretation of obtained results, not so much on the estimation results
themselves. Typically, the parametric approach favors flexible function forms, which as such,
do not restrict to any specific convexity or concavity properties. Therefore, Duality Theory is
often -and quite correctly- used as a guideline for analyzing, testing, and enforcing the
curvature properties of economic models®* The fact worth re-emphasizing in this context is
that concavity of cost functions is an economic property independent of the underlying
technology. Hence, if the estimated flexible-function-form cost function fails to be concave,
non-convexities are not to blame.

On the other hand, parametric estimations often tend to restrict on the most standard
economic models with well-known duality properties, cost functions in particular, even though
some other model could be a more appropriate description of the economic objectives. | hope
the comprehensive anatomical perspective and the set of "new" duality results of this paper
might encourage more extensive application of the indirect/constrained models.

The non-parametric literature typically tends to operate with the primal-side quantity
data, where price information sometimes has a complementary role. | am not aware of too
many primarily price-based non-parametric analyses. Introduction section aready
acknowledged influence from the more application oriented Afriat-school and the Charnes-
Cooper school of thought, which employ similar topological envelopments in empirica
production analysis. The implications slightly differ between these two paradigms.

The Afriat-school is mainly concerned with testing optimization hypotheses, but also
technical properties like convexity and free disposability (see e.g. Hanoch and Rothschild,
1972). Provided that the data conforms with optimization hypotheses, the Afriat-approach can
proceed with predicting firm' s response to changed economic conditions, like price changes.
This line of reasoning has been pursued most notably by Varian (1984). Traditionaly, this
approach assumes data of input-output quantities (at least). Our results imply that one could
equaly well adopt the dual perspective, and proceed with the monetary data. For testing
convexity hypotheses, it does not really matter if we have quantity or monetary data. The
possibility of identifying non-convexities essentially depends on the existence of binding
quantity or financial constraints, like the previous analysis demonstrated. For example,
consider forecasting the response of the competitive firm to regulation [i.e. introduction of
quantity/budget constraints], in the spirit of Fulginiti and Perrin (1993). More specifically,
suppose the constrained profit function (or one of its special cases) would be the relevant
model to use, but we only have data available from the present unconstrained situation that
only alows us to estimate the unconstrained profit function. In this case, the production
possibility set would have to be truly convex in order to derive the constrained profit function
from the unconstrained profit function, because the unconstrained profit function can only
recover the convex monotonic hull of the production possibility set. Furthermore, analyzing
quantity datainstead of monetary data does not necessarily improve the situation, because there
is an economic selection effect that should be taken into account. Under free competition, it is
clear that no firm will find it optimal to operate in a non-convex region of the frontier.
Therefore, any data collected prior to regulation is likely to conceal the non-convexities. Of

2 In this respect, it isinteresting to note that the parametric literature emphasizes the easier availability and
reliability of price data (e.g. Y oung, Mittelhammer, and Rostamizadeh, 1985), while the non-parametric literature
uses exactly the same argumentsin favor of quantity data (e.g. Charnes and Cooper, 1985).
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course, during regulation [i.e., presence of constraints|] non-convexities may be of decisive
importance.

The Charnes-Cooper school focuses on efficiency aspects in a sample of comparable
organizational units. For efficiency analysis, the implications of Duality Theory mainly
concern the specification of the maintained production assumptions. Traditionally, convexity
plays an especially critical role (see e.g. Deprins, Simar, and Tulkens, and Tulkens, 1993).
Since the prior knowledge of technological facts governing the production possibilities is
typically very limited, the plausibility of competitive markets and price-taking behavior, at
least by a reasonable empirical approximation, appears to be a very frequently used argument
for imposing some form of convexity in this literature. This line of reasoning is sometimes
presented explicitly (e.g., Thral, 1999), but more often than not, the argument implicitly
guides the model specification towards the convex alternatives. Although a wide variety of
alternative non-convex or ' partially’ convex model specifications are available (e.g. Petersen,
1990; Bogetoft, 1996, Bogetoft et al., 2000), the fully convex production possibility set
remains the most frequently applied model specification in reported applications. However, our
detailed review of aternative models reveals that most of the standard economic models do not
offer any dua justification for such a strong maintained assumption. For measuring profit
efficiency (e.g. Chambers, et al., 1998) when price data is missing, Duality Theory does justify
omitting non-convexities of the technology.? For any other notion of efficiency, potential non-
convexities call upon attention. For pure technical efficiency, for example, Duality Theory only
forwards some minimal conditions of weak disposability. For these situations, the justification
of maintained convexity assumptions must come from some other source. When the
appropriate behavioral assumptions are chosen, Table 6 can provide valuable guidance in
model specification, identifying the critical as well as truly harmless assumptions.
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Appendix: Proofs

Proof 2.2: By straightforward calculus,
x 0 coni™) (L(u))

= xOAL(u), A =21

= A =1: x/A0L(u)

- max{6| x/60L(u)} 21

= D/(x,u)=1

(by definition of conil’(.))

(definition of Dy)

Proof 2.4:

min DD(y;g) =0

grR T,

= DD(y;9)=0 OgURT,

= yO ) {yDRm‘DD(y;g)zo}

(by definition of DD)
gORT,
-~ yoO N {yorR"|y=y-6g;y0T;620}.
groRY,
Proof 3.2:
cm(T) = ﬂ {yDRm|pEys1} (applying Minkowski' stheorem)
{ PORT | ply'<L Cy'Tem(T )}
—_ |:| m ! mD N — ! m
= Y OR"|ply< sup (py) DpORTE (,max (pry) =max(p(y) pORY)
] y'Oem(T) [] y'Oem(T) y'ar
= yOR"|ply <sup(pLy) OpOR™F (definition of M)
O y'ar O
={yOR"|py<n"(p) OpOR7}
Proof 4.1:
xO () ILW/1) (definition of IL).
{vir|(vir)m=1

e WOPX):(v/n)w =21 foral virORS :(v/ir) =1 (multiply by 1)
- W'OP(x):vw =1 fordl vORS :vim=1

- vl max (vi') OvORS (applying Minkowski' stheorem)
u'0OP(x)

= udcem(P(x)) .

Proof 4.3:

choni[l"”)(L(u)) OuOcem(P(x)) (the latter condition: Minkowski' s theorem)
= XOAL(u),A=21 0Ovli< néléa(x)(vﬁu') OvORS  (normalize prices)

= XOAL@U),A21 0 uOP(X):(v/T)' =21 0(v/7)ORS : (v/T)[i =1 (definition ID;)
= ID/(x,v/iT)210v/T:(V/T)[ =1

- na/irn{IDi (xV/T)|(viT)m=12>1
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Proof 4.5:
xOcem(L(u)) OuOcem(P(x))
= wk= min)(wD(’) OWOR, Oviw < rgg(x)(vm') OvORS

X0OL(u
- rggx)((v/r)m’)zl D@Li(n)(wD(')sl Ow,v/T:wix=1(v/T)=1.
= UOPX):(v/T) W' = (v/1) [ D,rQLi(n)(wm(')sl Ow,v/T:wx=1(v/7) =1 (definition, IC)
= IC(w,v/T)<10Ow,v/T:wx=1(v/T)lli=1
- ma/\x{IC(W,v/T)|WD<:J;(v/T)m=1}s1.
Proof 5.1: Organized in two parts:
Part [O: Consider an arbitrary netput vector y'0T. We can st A=(I -l), and
c=(y" -Yy'). Sincefor this A and c the vector y' is the only feasible point that satisfies the
inequality yA <c, weobviously have m(p;A,c) = py' Op, which confirmsthe first part.

Part O: y"OR™, suppose there exist A and ¢ such that m(p,A,c)=p0/ OpORT. The
condition "for all p" isthe key: For any pair of non-identical non-negative input-output vectors
y,Y;y#Yy, there exist some non-negative prices p such that p0y# py/ . This implies the
inequality constraint yA <c is only satisfied by a single point, i.e., {yDRm|yA :c} ={y}.
Now, suppose that y'O0T. This would imply 7(p;A,c)=-c [Op. which leads to a
contradiction: However, any non-negative y" yields afinite profit at some non-negative prices.

Hence, we must have m1(p,A,c) # p3/" for some non-negative prices p. Therefore, assumption
y'OT leadsto acontradition. By reductio ad absurdum, we must have y"OT .

Combining the two parts proves the equiva ence.
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